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DanP. ScholnikandJefrey O. Coleman
Naval Researct.aboratory
WashingtonDC

Abstract— In radar systems,wideband array patterns are typically
nothing but patterns designedin the corventional narrowband way and
then time-delay steered. It is increasinglycommonto usedigital filters to
approximatethe neededdelays.We suggesthowever, that approximating
time delaysis an inefficient useof the valuable resource representedby
thesefilters and proposeinsteadthat their response®ejointly optimized
to meetspecificationson the array pattern asa function of angleand fre-
quency This freesthe angle-dependencand frequency-dependencef
thearray function from the fixed relationshipimplied by time-delay steer
ing and allows tremendousdesignflexibility, and it impr ovesthe tradeoff
betweenfilter length and ultimate array performance.

I. INTRODUCTION

Once computationallyimpractical, wideband digital an-
tennaarraysare now a reality thanksto the continuedevolu-
tion of computingpower. Whereasormerly widebandarrays
requiredswitchedanalogdelayelementsandattenuatorsnow
the (nonadaptre) array-patterrsynthesicanbe performedby
digital filtering of datasampledat the antennawith the usual
gainsin precisionand flexibility. A corventionalapproach
to digital patternsynthesigs to simply approximatethe ana-
log hardwarewith digital filters. This hasthe samedravback
as the analogsystemit replaces—itplacesartificial restric-
tions on the resultingarray pattern. In mostcasesevenideal
time-delaysteeringresultsin a suboptimalarray responselt
seemsappropriateto rethink the problemof array patternde-
sign from first principlestaking an optimization viewpoint,
sincethetools now exist [1-5] to solve large problemsposed
ascorvex programs.

We first present quick review of thefar-field equationdor
narrovbandandwidebandantennarraysalongwith theclas-
sic time-delayapproachto widebandpatternsynthesis. We
thenshaw througha progressiorof exampleshow direct op-
timization of the arrayresponsepatternitself with respecto
frequeny andangleoffersgreatefflexibility andperformance
thanthetime-delayapproach.

Il. ARRAY BAsSICS

For clarity in the paperwe will restrictout attentionto a
lineararrayof isotropicantennaelementsplacedalongthe x-
axis. An extensionto two andthreedimensionss givenin
[6]. Theangled is measuredvith respecto the x-axis, with
zerodegreeslying perpendiculato the axis. The constante
representshe velocity of radiationin freespace.

A. Narrowband Array Pattern Response

Thenarravbandequatiorfor thefarfield patternof alinear
arrayof isotropicelementdocatedat positions{x} is usually
This work was supporteddy the Office of Naval Researclhthroughits pro-
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givenas

A(0) — Z akefﬂ’rmTk sin(6) (1)
k

where) is theradiatingwavelength.Thecomple coeficients
{ar} arechoserto steerthebeamin the desireddirectionand
to control sidelobes.This equationhasthe form of a Fourier
transformto the variablesin(#), often denotedas«. When
xr, = kd, then(1) canbewritten

Au) = Zakefj%k(%"), (2)
k

whichis adiscrete-timd-ouriertransformfrom index k to nor-
malizedfrequeny v = ud/\. In the commoncasewhere
d = X/2,0 € [-90°,90°] correspondso v € [—0.5,0.5], and
the semicircleof physicalanglesmapsexactly to one period
of the Fouriertransformresponself d < \/2 the semicircle
mapsto lessthana full period,andthusthereexists a range
of valuesof v that do not correspondo arny physicalangle,
andthetransformresponsén thatregion (the norwvisible side-
lobes)doesnot directly affect the array pattern(moreon this
later). If d > A/2 the semicirclemapsto greaterthanone
periodof thetransformresponseThisis usuallyundesirable,
sinceary part of the array patterncorrespondingo a single
periodof the Fouriertransformcompletelydeterminesherest
of the pattern Jeadingto gratinglobesat high angles.

In all threecaseghe designof the coeficients {a} is di-
rectlyanalogouso thedesignof anFIR filter overanappropri-
aterangeof frequenciesFIR filter designis a maturesubject,
andthe designtechniqueof interesthereis corvex program-
ming. Corvex-optimization-basedpproachew thedesignof
narravbandarraypatternsandFIR responsesanbefoundin
[1,2,6-13].

B. Extending To Wdeband

Theabove analysigs valid for asinglewavelength, butin
thewidebandcase\ will cover arangeof wavelengths.Thus
wewishto considethearraypatternasafunctionof radiating
frequeny aswell asangle.Substitutingh = ¢/ f in (1) results
in

o fo
Afu, f) =) are @7,
k

andincreasingor decreasinghe radiatingfrequeng hasthe
effect of scalingthe beamin angle. Whenthe beamis not
pointed to zero angle (boresight), this resultsin the beam
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changingboth in width and directionwith frequeng, an ef-
fect known informally as beamsquint. The solutionto this
problemis to replacecomplex weight a; with frequeng re-
sponseHy (f), sothatthe effective arrayweightingcanvary
overthebandwidthof interest.This specializeso the corven-
tional time-delayarrayarchitecturan which

@

Hk(f) — bk6j2ﬂfcku0,

with {b} a setof realweightsandug = sin(f) the desired
pointingdirection. This choicefor Hy(f) correctsfor the de-
lay of a planewave arriving from anglef, asseenby element
k (relative to the origin). Theresultingarrayresponsés

fe

Alu, f) = 3 b2 e (umuo),
k

®3)

which at ary frequeng f is just the responseof the nar
rowbandboresightbeamdefinedby the coeficients {b; } but
scaledby f andshiftedin u to the desiredangle. Thusthe
beamdirectionproblemis alleviated,but the scalingby f re-
sultsin an array patternthat compressegbecomesarroner)
asthefrequeng increases.The ratio of the maximumto the
minimum size (measuredn u) of a given featureis propor
tionalto theratio of highto low radiatingfrequeng.

C. DSP Realization

We considerereprimarily recevve arrays(althoughanaly-
sisof transmitarraysis essentiallyidentical)sincethetransmit
power requirementof modernradar systemsusually limits
the transmitbeamformingchoiceto straighttime delay with
a uniform weighting acrossthe elements. Thereare several
functionally equivalentways to implementa widebanddigi-
tal receve array, but for our purposeswve considera simpli-
fied modelin which the bandpassignalat eachantennzele-
mentis sampledandcorvertedto ananalytic(spectrallyone-
sided)bandpassligital signalprior to digital beamcombining
atthe RFfrequeng. In practicethe downcornversionstepmay
occur before or after beamforming,which primarily affects
whetherthe beamformindilters have real coeficientsandop-
erateat the initial samplingrate (beforedowncorversion)or
have complex coeficientsandoperateatalowersamplingrate
(afterdowncorversion).

If we considerthe arraypatternformedusingFIR filters at
eachelementtheresultis

fzp
c

A, f) =3, Hy(fle T

— Zk Zn hk’ne—j%rnfTe—j%r Ey

(4)

At all frequenciesand anglesA(u, f) is linear in the filter
coeficients{hy, }, which corvenientlypermitsa greatnum-
ber of commonconstraintso be expressedn termsof con-
vex functionsof the coeficientsasthe optimizationvariables.
This in turn allows designof the array patternusing convex
optimizationtools[1,2,7]. In the commonsymmetric-array
case for which z_; = —x, the additionalrequirementhat

H_(f) = H{(f), orits equvalenth_;, _,, = hj ,, ensures
that A(u, f) is real-\alued(aIineanhasaesponée)This not

only reduceshy onehalf the numberof variablesto optimize,

but canbe exploitedto reducereal-timecomputatiorrequire-
mentsaswell. Unlessa specific(honlinear)phaseresponsés

desiredthesesignificantbenefitscomewith noill effects.

I1l1. DESIGN APPROACH

In this section,we demonstratehe flexibility of a corvex-
optimizationapproachto array patterndesignthrougha se-
ries of examples. The goal hereis not the realizationof an
actualdesignso muchasit is to developinsightinto the de-
signissuesassociatedvith directly optimizing the wideband
array pattern. We first discussan example designin which
the beamis steeredwith ideal time delaysandthena second
in which thosedelaysareapproximatedvith individually op-
timized FIR filters. Thenwe presenttwo designsin which
the FIR coeficientsarejointly optimizedto directly tailor the
arrayfunction. In thefirst of thesethe main-beancharacter
istics of theidealtime-delaydesignareessentiallyduplicated
but with a performancegain in the sidelobesresultingfrom
the joint optimization. The final example,which represents
our recommendeépproachijllustratesthe ideaof really tai-
loring the constraintsto the applicationto take advantageof
theflexible controlover the patternaffordedby the optimiza-
tion approach.

Thesystemparameterarethe samefor all casesxceptthe
first, which usesideal time delaysinsteadof FIR filters. The
RF centerfrequeng is at 1.25 GHz, the systembandwidthis
400 MHz, andthedatais sampledatarateof 1 GHz. Thearray
is composedf 15identicalisotropicelementseachfeedinga
21-tap,real-coeficient, nonlinearphase-IR filter. Thefilters
obey the symmetrydiscussedabove, so that Hy(f) is itself
linearphaseand H_(f) = H;(f) fork = 1,...,7. The
spacingbetweerthe elementss setto onehalf wavelengthat
thehighestin-bandfrequeng of 1.45 GHzin orderto suppress
gratinglobesat lower frequencies.In eachcasea patternis
designedvith acenterat45° anda maximumsidelobeheight
of —25 dB.

A. ldeal Time Delay

As seenpreviously, whenideal time delaysareused,wide-
bandpatternsynthesiseduceso the narrovbandcase,with
each elements delayed waveform receving a single real
weight. The resultis a widebandpatternwhich at eachfre-
gueny hasan angularresponseof the form of the narrow-
band pattern, scaledby the frequeng. In classicnarrawv-
bandpatternsynthesistwo classicapproachestandout. The
first is Chebychg beamdesign,which seeksthe narrovest
beamwidthfor a givensidelobeevel, or alternatively the low-
estsidelobéevel for agivenbeamwidth.In practicea Cheby-
chev designis usuallyeasilyimprovedupon,sincea smallin-
creasen the close-insidelobescanoftenleadto large reduc-
tionsin the outersidelobeq7]. Taylor [14] proposeda now-
classicalternatve: require(nearly)equiripplesidelobesclose
to themainlobe with monotonicfalloff of sidelobepeaksout-
side of someinterval. The resultingcontinuousTaylor distri-
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bution andits sampledversionareoftenusedin arrays.

In the spirit of Taylor's approachput to facilitatecompar
isonwith later examples,we candesigna narrovbandbeam
according to:

minimize / |A(6)]” do
0€Og

subjectto  |A(F)] < 1072/2°, 6 € Oy,

A(0) =1

where®y;, denoteghe stopbandr sideloberegion. Sincethe
coeficientsarereal, A(f) and©g, aresymmetricaboutzero
degrees. The boresightpatternthus optimized hasthe low-
estsidelobeenepy for the givenmaximumsidelobeevel and
beamwidthhoweverthisis nolongertrueoncethepatternhas
beenshiftedby ug asin (3). Theseweightscanthenbe used
alongwith idealtime delaysto form awidebandarraypattern,
asillustratedin thetop half of fig. 1, whichshavstheresulting
patternasa two-dimensionafunction of # and f in addition
to one-dimensionatlicesalongbothdimensions.

Two featuresof this responseare especiallynotable. The
first is thatthe beamdoesin fact narronv with increasingfre-
gueng, a consequencef the scalingby f in the wideband
equation. Moreover, the compressioreffect and the main
beamitself arenot symmetricaboutthe centerof the beam—
the higheranglescompressnorerapidly. This is becauseghe
quantity scaledby f is u = sin(d), andnot 6 itself, and at
higheranglesé is a more sensitve function of . The sec-
ondnotablefeatureis thatthefrequeng responsatoff-center
anglesrolls off at higherfrequenciesa directconsequencef
the beam-narrwing effect. This rolloff becomeamore pro-
nouncedatangledurtherfrom thecenterof thebeam.In some
applicationghisrolloff maybeunacceptableandsoin alater
example(thelastone)we will considewaysto removeit.

The primary advantageof time-delaybeamformingis that
it only requiresthe designof a single narravbandweighting
function,which is usedfor all steeringdirections.The disad-
vantagesarethe high-frequeng responseolloff andthe sub-
optimality of the antenngpattern,aswell asthe difficulty in
obtaininghigh-precisionhigh-resolutiordelayelements.

B. FIR Time Delay Approximation

Digital beamsteering architectures replace traditional
switchedanalogdelaylineswith digital filters to approximate
arbitrary time delays. One can either usea library of filter
weightscorrespondingo the neededsetof closelyspacedie-
lays, or one canusea singlefilter tunablein delay[15]. The
optimizationis more easily discussedissuminghe fixed de-
lays of a library, andso thatis the approachtaken here, but
similar stratgjiescould alsobe usedto improve a tunablede-
lay filter.

A straightforward designapproach for a minimum mean
squareerror FIR filter approximatingdelayr is

IRefs.[1,2,7,11] discusshow to formulatetheseand othertype of con-
straintsfor numericalsolution.

2Sostraightforvard, in fact,thatcorvex optimizationis notrequiredunless
auxiliary constraintsaredesired.

minimize / |H(f) - e_j2”f7|2 df,
FE€EFpb

where Fpy, is the passbandegion. The bottomhalf of fig. 1
shaws the array patternthat resultsfrom using a setof de-
lay filters so designed Amplituderipple hasbeenintroduced
into the frequeng responseén the main beam,andsomefine
sidelobestructurediffers, but otherwisethe patternresembles
that of the ideal case. The approximationerrorsin the delay
filters determineboth the size of the amplituderipplesin the
main beamandthe fidelity with which the patterns sidelobe
structureduplicateghatof theidealfrequeng-scalecharrow-
bandpattern. With this architecturghen,the main-beamand
sidelobeerrorstructure€annoteindependentlygontrolledor
tradedoff againsteachother The overall patternis alsosub-
optimal sincethe delaysare designedndependenthand not
jointly.

C. Direct Beam Optimization

While it is truethathaving eachfilter approximatea delay
resultsin a useful patternin angle-frequeng spacethereare
mary otherfilter combinationghat would presumablydo so
aswell, andsincethereis no reasorto presumehatthetime-
delayapproactresultsin the bestone,it amountgo aninher
ent structuralrestrictionin the designthat holds that design
away from optimality. Herewe considerthe muchmoreflex-
ible approacthof directly constraininghewidebandarraypat-
tern. By only enforcingconstraintghat are meaningfulfor a
givenapplicationandavoiding inherentstructuralrestrictions,
we obtainbetterdesigns.

The following optimizationsetupwasusedfor thelasttwo
examples:

min. / / A6, )| db df
feFpp JO€OL(F)

st A6, f)] <1072/2°, 6 € Og(f), f € Fop

|A(9m7f)_/8m|2dff(5, m:].,...,M

m
Dol <e
k

Herewe seekto minimizethetotal enegy in thein-bandside-
loberegion definedby Fp,, and®gp, (whichmaybeafunction
of frequeng), subjectto several constraints. The first setsa
maximumsidelobdevel of —25 dB for all in-bandfrequencies
andfor anglesn ©g},. Thesecondandthird constraintgontrol
themainlobefrequeng responsén the passbandThesecond
constraintintroducesauxiliary variables{3,, }, which repre-
sentdesiredgainlevelsof the arraypatternatangles{,,} in
the main beam. The squarepassbanarror at eachanglef,,
is limited to someconstan®. By usingauxiliary variablesthe
desiredgainat eachangleis allowedto float ratherthanbeing
fixed. Thethird constraintthenfixesthe averagegain of the
mainbeamwhich is neededo preventthe optimizationfrom
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returningall zeros.

The lastconstraintimits the white-noisegain of the setof
filters to a constant. Why might this constraintbe needed?
Recallfrom beforethatwhend < /2 for a narrovbandar-
ray, partof the DTFT of the array coeficientsdoesnot map
to ary physicalangles. Sinced hereis half of the smallest
wavelengthof interest this conditionwill hold for all frequen-
ciesin the bandof interestexceptfor the upperbandedge.
None of the other constraintsdirectly limits the responsen
thisnorvisibleregion, andleft unconstrained cangrow quite
large. While it hasno direct effect on the antennapattern
(whichmeasuretherespons¢o incidentplanewaves) theen-
tire DTFT doesrespondo independentwhite recever noise,
andtheresultis an excessve noisegain andfilter coeficients
with a higherdynamicrange.Choosinga modestimit onthe
total noise gain solves the problem, while still allowing the
optimizationto adjustthe norvisible portion of the response
asneededo optimizethe visible portion. This is an advan-
tageover time-delaydesigns which suppresghe norvisible
sidelobesasmuchasthevisible ones.

As a bridge from the FIR time-delaydesignexample,we
first considera designin which the sideloberegion is chosen
to matchthatof thetime-delaycasesothat©yg;, consistof the
interval [—90°, 90°] minusan asymmetridnterval about45°
thatnarrovs with increasingrequeng. Optimizingasshown
above with a singleconstraintlimiting the rms frequeng re-
sponseerrorat45° to 1% resultsin theresponsén thetop plot
of Fig. 2. Themainbeamis essentiallyidenticalto thatof the
time-delaydesign,asis the frequeng responset the beams
center Theoverall sidelobeevel is lower, especiallyat lower
frequenciesandthe sidelobestructureis no longerforcedto
be unchangingacrosdrequeng. Thisis a resultof designing
the filters jointly andnot separatelyasin the time-delayde-
signandof removing theimplicit structuralrestrictionon the
mainbeanshape.The designcostis now significantlyhigher,
asa completesetof filter coeficientsmustbe computedfor
eachlook direction,but theimplementatiorcostis asbefore.

While betterthanthetime-delaydesign the designjust de-
scribedhas obvious drawbacks. The frequeny responseat
off-centeranglesn themainbeamcouldbeimproved,andthe
beamstill changesvidth with frequeng. For thefinal design
example, then, the sideloberegion is chosento be constant
(not a function of frequeng) with a beamwidthslightly nar
rower thanthe maximumbeamwidthof the previous designs,
andthe rms frequeng responseerror is constrainedo 0.1%
for § € [42°,48°]. Thenoisegainwaslimited to the same
level asin the previous design. To demonstratehe ability to
customtailor the sidelobedistribution in both frequeny and
angleanadditionalconstrainwasused limiting the response
on the region between—10° and10° in angleand1.1 GHz
and1.2 GHzin frequeng to lessthan—45 dB. Theoptimized
responsas shawvn in the bottomplot of Fig. 2. Notethatthe
beamwidthis in fact nearly constantand that the frequeng
responsen the main beamis muchbetterthanthat of previ-
ousdesigns.Eventhoughtheimproved passban@ndcustom
sidelobeconstraintsecessarilyncreasethe sidelobeenengy;,
it is roughly the sameas for the previous designand better

thanfor the time-delayexamples. Remaing the frequeng-
dependentonstrainton the sideloberegion anddirectly opti-
mizingthewidebandarraypatternhasresultedn asubstantial
performanceagainover the corventionaltime-delaymethod.

IV. CONCLUSIONS

The designexamplespresentednly scratchthe surfaceof
the possibilitiesthatcorvex optimizationhasto offer in wide-
bandarray patterndesign. The key is the flexibility it affords
to customtailor sidelobestructureand main-beamshapeto
detailedsystemrequirements.In the spirit of the angle-and
frequeng-limited region of extra suppressiorin thefinal de-
sign,adesigncanaccommodat&nown featuressuchasfixed
clutter (a notchin angle)or sourcesof narravbandinterfer
ence(a notchin bothangleandfrequeng). In principle this
approactcanbegeneralizedo multidimensionakrraysof ar
bitrary geometryincluding sparsearraysandarrayswith ran-
dom elementplacement. Work remains,however, in devis-
ing efficient optimizationformulationsto make this approach
practicalfor arraysexceedinga few hundredelements.
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Fig. 1. ldealtime-delay(top) andoptimizedFIR time-delay(bottom) steeredarray patterns. The upperleft cornerof eachresponsegrid shav cutsacross
angle,andthelowerright cornershav cutsacrossrequeny.
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Fig. 2. Optimizedwidebandarraypatterns:time-delay-lile narraving mainbeam(top) and constant-beamwidttbottom). The smallwhite rectanglein the
bottomplot outlinesthe additionalsidelobeconstraintregion.



