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Abstract— Many systems require a digital filter for decima-
tion/inter polation and equalizationof analogfiltering . Under suitablecon-
ditions, iterative design of a low-rate, nonlinear-phase FIR filter and a
cascadedhigh-rate, linear-phase FIR filter resultsin a computationally
efficient filter structure.

|. INTRODUCTION

Commonarchitecturedound in communicationand radar
systemsandin D/A and A/D corversioninvolve analogfil-
teringin cascadevith digital filtering for decimationor inter-
polation. An exampleof increasingimportanceis the now-
commonplacéF-samplingrecever|1, 2] in whichabandpass-
filtered analogsignalis sampledand decimationfiltered. Its
upcorversion/transmittecounterpar{3-5] follows interpola-
tion with analogbandpaséiltering. Typically the analog-filter
effectsin thesesystemanustbe correctedwhich requiresthe
digital filter have nonlinearphase.However, to preventalias-
ing in the rate-changingperationthe digital filter mustalso
provide substantiaktopbandsuppressiongenerallyleadingto
arelatively longfilter response.

In thispapemwe considettheadditionof asecondnonlinear
phasefilter at the lower of the two ratesto reducethe total
computationaburdenby allowing the high-ratefilter to have
linearphase.This leadsto a division of laborbetweerthe two
filters—thelow-ratefilter providesall of the phasecompensa-
tion and someof the passban@mplitudecompensationThe
high-ratefilter providesthe stopbandsuppressiorandthe re-
mainingamplitudecompensatiorn the passbandThelength
of the low-ratefilter will be determinedprimarily by the pass-
bandcompensatiomequiredby the analogfiltering, while the
length of the high-ratefilter will be controlledby interpola-
tion/decimatiorrequirements.

This approachs complicated however, by the needto con-
currentlydesigntwo digital filters. While thedesignof asingle
FIR filter for suchanapplicationcanusuallybe formulated[2,
3,5] asacornvex programfor whichtherearefastandefficient
globalsolvers[6-9], thetwo-filter cascadgenerallyleadsto a
noncotvex optimizationproblem. Our approacthereis to al-
ternatelyoptimizeeachFIR filter basedonthelast(optimized)
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responsef the other usingan engine[9] for solving second-
orderconeprogramgwhich arecorvex). Corvergencecanbe

guaranteedby a properchoiceof constraintsn the optimiza-

tion.

I1. DESIGNING AN FIR FILTER CASCADE

There are three commonapproachego designingan FIR
filter cascadausing corvex optimizationtools. The simplest
is to designeachfilter individually, with (likely excessie)
constraintsthat ensurethat the overall error will be accept-
able[10]. Referencegl11], for example, estimateghat such
anapproacttypically leadsto a 15% overdesigrfor a classof
frequeng-responsenaskingfilters. The seconds to sequen-
tially designthe filters, incorporatingthe previous designsin
eachstep[11,12]. This approachs nearlyoptimalwhenone
of the filters haslittle freedomor whenonly onefilter hasa
significanteffect on ary given spectralregion. The third ap-
proach,taken here,is to iteratethe secondmethoduntil the
filter responsegonverge. This approachhasbeenusedpre-
viously for the designof linearphaseFIR filters usinglinear
programming[13], the Parks-McClellanalgorithm[14], and
least-squareandeigenfiltermethodq15].

No claimis madeherethatat corvergenceaniteratively de-
signedfilter cascadés jointly optimalin the combinedcoefi-
cients,asthenoncorvex error surfacemay well have subopti-
mal local minima. Underappropriateconstraintshowever, it
is straightforvardto show that the designmustcornverge and
performno worse(betterin almostevery case)thana single-
iterationdesign.Considetthe optimizationproblem

minimize f(g,h)

subjectto ¢;(g,h) <0, i=1,... K

whereg andh arevectorsof optimizationvariablesrepresent-
ing the coeficientsof thetwo FIR filters, andboth the objec-
tive f() andconstraints;() arecorvex functionsof g andh
individually (but not jointly). Fixing eitherg or h resultsin
a corvex optimizationproblemin the other setof variables.
With the value of h fixed at hg, the above optimizationcan
be performedto obtaing;, with the correspondingbjective
value f(g1,hg). If now g is left fixed at g; andh is opti-
mizedto obtainhy, it is clearthat f(g1,h1) < f(g1,ho). It
follows thatthe sequencef successie valuesof the objective
asthedesignis iterateds monotonicallynonincreasinglf f(),
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Fig. 1. Examplebandpassynthesisystem.

whichgenerallyrepresentsomeerrorfunction,is boundede-
low (asit will bein all practicaldesigns)thenthe sequence
mustcornverge. Thusat eachiterationperformancecannotde-
creasdandwill usuallyincrease)andeventuallya stablestate
will bereachedIn mostcasedried by theauthorscorvergence
wasachievedin five to fifteeniterations.

In practice the constraintamposedat eachof the two iter-
ation stagesneednot be identical, but just sufficient to avoid
degradingthe performanceof the other stage. For example,
extra constraintson the individual filters are often neededn
transitionbandsto keepresponseseasonabldut have mini-
mal effectonthe objective,andthesewill bedifferentfor each
filter. An examplewill helpillustrate.

I1l. EXAMPLE

ConsiderfFig. 1(a), which depictsa bandpass-synthesiys-
tem® in which rate f, input samplesfeed a nonlinearphase
FIR equalizerfollowedby alinearphasenterpolation-by-fie
filter, D/A corverterandananalofilter. Herethedigital filter-
ing mustcorrectfor theD/A holdresponsandtheanalog-filter
amplitudeandgroup-delaydistortionwhile supportingthein-
terpolation. Figure 1(b) shavs an equivalentsystemin which
anobleidentity is usedto exchangethe low-ratefilter andin-
terpolatorandthe Re {-} operationis movedto theend. The
resultisto isolateall thefilter responses oneequivalentblock
(dottedbox), sothatthe overall responséo be designeds the
cascad&(f)H(f)P(f)D(f), whereequalizerespons&( f)
hasa periodof f;, interpolatorresponséd (f) hasa periodof
5fs, hold responseP(f) = sinc(f/5f5), andD(f) is there-
sponseof theanalogbandpaséilter.

The input signalhasa bandwidthof 0.8 fs, andthe desired
outputis a bandpassignalwith a carrierfrequeng of 1.25f,.
The cascad®f equalizerinterpolator hold responseandana-
log filter is thereforerequiredto form an analytic(one-sided)
bandpasdilter, with desiredspecificationsof 40 dB stopband
suppressio@nd1% rms passbanerror The passbands the
interval [0.85f5,1.65f] andto preventaliasingthe stopband

1 This exampleis derived from anexamplein [5].

is definedby (—oc, 0.65f5] U [1.85f5,00). The remainingt-
wo intervalsform the transitionregion. The analogbandpass
filter is generatedrom a sixth-orderlowpassChebychg pro-
totypewith 1 dB passbandipple, choserto provide relatively
sharptransitions. The passban@dgesof the analodfilter are
chosersomavhatwiderthanthe overall passbanavidth asthe
most severe group-delaydistortion occursat the bandedges.
It was determinedempirically that an equalizerof length six
is sufficient to correctfor the groupdelay of the analodfilter,
and a length-21linterpolatorprovides the remainingrequired
amplitudeshaping.

The design processproceedsas follows. The nonlinear
phaséfilter is initialized by minimizing the rms passbanctr-
ror of the cascadevith the analodfilter:

3 |G()D(f) - eI

fEFpb

minimize

Parameter- representthedesiredgroupdelayof thefilter cas-
cade. The performanceof an FIR equalizeris typically very
sensitve to thechoiceof 7, empiricallydeterminedor this ex-
ampleto be2.8T;. The L, integralis hereapproximatedy a
Riemannsumover an appropriategrid of frequencies.Then,
with the low-ratefilter responsé&z( f) fixed,the optimization

minimize > |G(A)H(f)P(/)D(f) - e 27"
fEFpb
subjectio  |G(f)H(f)P(f)D(f)|* <107*, f€ Fp

is performedbverthepossiblenterpolatoresponsed ( ). At
this point the optimizationbeginsiteratingbetweendesigning
G(f) with H(f) fixedaccordingo

S DG EF)P(S) — e 2"

fe€Fpb

e 2
minimize |

and designingH (f) asbefore. Note that the stopbandcon-
straintis not enforcedwhendesigningthe low-ratefilter. This
filter haslittle effect onthe stopbandandwhatlittle degrada-
tion may occuris easilycompensateth theinterpolator Not
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Fig. 2. Passbanerrorvs. iteration.

shawvn arethe auxiliary constraintson the transitionbandsof
the filters usedto avoid extremeresponses.Figure 2 shavs
the optimizedvalue of the rms passbanerror after eachtwo-
partiteration. After eightiterationsthe responsefave nearly
settledwith a7 dB improvementoverthefirst-passdesign.
Figures3 and 4 shav the response®f the two iterative-
ly optimizedFIR filters along with the analog-filterand cas-
caderesponses.In the passbandhe low-rate filter provides
the group-delaycompensatiorand part of the amplitudecor-
rection. The high-ratefilter providesthe stopbandsuppression
andtherestof the needecamplitudeshapingin the passband.
Thenonlinearphasdilter hascomplex inputs,outputs,andco-
efficients,andthusrequiresfour realmultiplies per coeficient
perinputsample or 24 total. Theinterpolatorhaslinear phase
andrealoutputs soit requiregustonerealmultiply percoefi-
cientperinput sampleor 21 total. Thetwo-filter cascadéhus
requires45 real multiplies perinput sample.For comparison,
a single nonlinearphaseFIR interpolationfilter of length 32
wasdesignedo the samespecificationsandrequired64 mul-
tiplies perinput sample. This singlefilter requires38% more
multipliesthanthefactoredcascade.

IV. CONCLUDING REMARKS

Why therelatively modestgainscomparedo, say the near
factorof NV savingsoftenassociateavith IFIR filtering? There
aretwo reasonsFirst, factoringthe singlecomplex interpola-
tor into two filters resultsin isolatingthe low-ratefilter from
the Re {-} operation,doubling the requiredcomputationfor
theequalizer Thusevenwith only six tapsthe equalizerof the
exampleis more computationallydemandingthan the high-
rate filter. Second,the proposedapproachis fundamentally
distinct from IFIR filtering, wherethe typically linearphase
low-rate shapindfilter is responsibldor the sharptransitions
andpartof the stopbandsuppressionHerethelow-rateequal-
izer is responsibleonly for passbandghaping,sincetypically
its frequeng-responsgeriodis only slightly greaterthanthe
bandwidthof theinput data. Therelatively sharptransitionsof
the exampleareproducedby theinterpolatorandanalodfilter,
andin factan IFIR filter might be usedhereto save compu-
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tation and/orlower the analogfilter order The configuration
usedwas chosento isolatethe interactionbetweenthe linear
andnonlineamphasesections.

Thisiterative approacho filter designis notlimited to mini-
mumMSE objectivesor equiripplestopbanddhut is applicable
to almostary filter responserrormeasureHow the natureof
the objective and the type and numberof constraintsaffects
either corvergencerate or iteration gain is an openquestion.
Althoughnot attemptedthis approactcould alsobe extended
to threeor morefilters.
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