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Abstract— Many systems require a digital filter for decima-
tion/interpolation andequalizationof analogfiltering . Under suitablecon-
ditions, iterative design of a low-rate, nonlinear-phaseFIR filter and a
cascadedhigh-rate, linear-phaseFIR filter results in a computationally
efficient filter structure.

I . INTRODUCTION

Commonarchitecturesfound in communicationand radar
systemsand in D/A and A/D conversioninvolve analogfil-
tering in cascadewith digital filtering for decimationor inter-
polation. An exampleof increasingimportanceis the now-
commonplaceIF-samplingreceiver[1, 2] in whichabandpass-
filtered analogsignal is sampledanddecimationfiltered. Its
upconversion/transmittercounterpart[3–5] follows interpola-
tion with analogbandpassfiltering. Typically theanalog-filter
effectsin thesesystemsmustbecorrected,which requiresthe
digital filter have nonlinearphase.However, to preventalias-
ing in the rate-changingoperationthe digital filter mustalso
providesubstantialstopbandsuppression,generallyleadingto
a relatively longfilter response.

In thispaperweconsidertheadditionof asecond,nonlinear-
phasefilter at the lower of the two ratesto reducethe total
computationalburdenby allowing the high-ratefilter to have
linearphase.This leadsto a division of laborbetweenthetwo
filters—thelow-ratefilter providesall of thephasecompensa-
tion andsomeof the passbandamplitudecompensation.The
high-ratefilter providesthe stopbandsuppressionandthe re-
mainingamplitudecompensationin thepassband.Thelength
of thelow-ratefilter will bedeterminedprimarily by thepass-
bandcompensationrequiredby theanalogfiltering, while the
length of the high-ratefilter will be controlledby interpola-
tion/decimationrequirements.

This approachis complicated,however, by theneedto con-
currentlydesigntwo digital filters. While thedesignof asingle
FIR filter for suchanapplicationcanusuallybeformulated[2,
3,5] asaconvex program,for which therearefastandefficient
globalsolvers[6–9], thetwo-filter cascadegenerallyleadsto a
nonconvex optimizationproblem. Our approachhereis to al-
ternatelyoptimizeeachFIR filter basedonthelast(optimized)
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responseof theother, usinganengine[9] for solvingsecond-
orderconeprograms(which areconvex). Convergencecanbe
guaranteedby a properchoiceof constraintsin the optimiza-
tion.

I I . DESIGNING AN FIR FILTER CASCADE

Thereare threecommonapproachesto designingan FIR
filter cascadeusingconvex optimizationtools. The simplest
is to designeachfilter individually, with (likely excessive)
constraintsthat ensurethat the overall error will be accept-
able [10]. Reference[11], for example,estimatesthat such
anapproachtypically leadsto a

�����
overdesignfor a classof

frequency-responsemaskingfilters. Thesecondis to sequen-
tially designthe filters, incorporatingthe previous designsin
eachstep[11,12]. This approachis nearlyoptimalwhenone
of the filters haslittle freedomor whenonly onefilter hasa
significanteffect on any given spectralregion. The third ap-
proach,taken here, is to iteratethe secondmethoduntil the
filter responsesconverge. This approachhasbeenusedpre-
viously for thedesignof linear-phaseIFIR filters usinglinear
programming[13], the Parks-McClellanalgorithm [14], and
least-squaresandeigenfiltermethods[15].

No claim is madeherethatat convergenceaniteratively de-
signedfilter cascadeis jointly optimal in thecombinedcoeffi-
cients,asthenonconvex errorsurfacemaywell have subopti-
mal local minima. Underappropriateconstraints,however, it
is straightforward to show that the designmustconvergeand
performno worse(betterin almostevery case)thana single-
iterationdesign.Considertheoptimizationproblem

minimize ���	��

���
subjectto ���
�	��
�������� , ��� � 
�������

�

where � and � arevectorsof optimizationvariablesrepresent-
ing thecoefficientsof the two FIR filters, andboth the objec-
tive ���	� andconstraints�����	� areconvex functionsof � and �
individually (but not jointly). Fixing either � or � resultsin
a convex optimizationproblemin the other set of variables.
With the valueof � fixed at �� , the above optimizationcan
be performedto obtain �"! , with the correspondingobjective
value ���#��!�

�  � . If now � is left fixed at ��! and � is opti-
mizedto obtain � ! , it is clearthat ���	� ! 

� ! �$�&%��#� ! 
��� �� . It
follows thatthesequenceof successivevaluesof theobjective
asthedesignis iteratedis monotonicallynonincreasing.If ���	� ,
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Fig. 1. Examplebandpasssynthesissystem.

whichgenerallyrepresentssomeerrorfunction,is boundedbe-
low (as it will be in all practicaldesigns)then the sequence
mustconverge. Thusat eachiterationperformancecannotde-
crease(andwill usuallyincrease),andeventuallyastablestate
will bereached.In mostcasestriedby theauthorsconvergence
wasachievedin five to fifteeniterations.

In practice,theconstraintsimposedat eachof the two iter-
ation stagesneednot be identical,but just sufficient to avoid
degradingthe performanceof the other stage. For example,
extra constraintson the individual filters areoften neededin
transitionbandsto keepresponsesreasonablebut have mini-
maleffecton theobjective,andthesewill bedifferentfor each
filter. An examplewill helpillustrate.

I I I . EXAMPLE

ConsiderFig. 1(a),which depictsa bandpass-synthesissys-
tem1 in which rate �0@ input samplesfeed a nonlinear-phase
FIR equalizerfollowedby a linear-phaseinterpolation-by-five
filter, D/A converterandananalogfilter. Herethedigital filter-
ing mustcorrectfor theD/A holdresponseandtheanalog-filter
amplitudeandgroup-delaydistortionwhile supportingthe in-
terpolation.Figure1(b) shows anequivalentsystemin which
a nobleidentity is usedto exchangethe low-ratefilter andin-
terpolatorandthe A�B�'C(D) operationis moved to the end. The
resultis to isolateall thefilter responsesin oneequivalentblock
(dottedbox), sothat theoverall responseto bedesignedis the
cascade

8 �	���29:�	���2;<�	���E>F�	��� , whereequalizerresponse
8 �=���

hasa periodof �G@ , interpolatorresponse9:�=��� hasa periodof� �0@ , hold response;<�=���H�JI
KMLON0�=�QP � �0@�� , and >?�=��� is the re-
sponseof theanalogbandpassfilter.

The input signalhasa bandwidthof �R� SC� @ , andthe desired
outputis a bandpasssignalwith a carrierfrequency of

� � T � � @ .
Thecascadeof equalizer, interpolator, hold response,andana-
log filter is thereforerequiredto form an analytic(one-sided)
bandpassfilter, with desiredspecificationsof 40 dB stopband
suppressionand

�U�
rms passbanderror. The passbandis the

interval V �R� S � �0@�
 � � W � �G@YX andto prevent aliasingthe stopband
Z
Thisexampleis derivedfrom anexamplein [5].

is definedby �2[]\^
��R� W � �0@YX�_�V � � S � �G@�
`\�� . The remainingt-
wo intervals form the transitionregion. The analogbandpass
filter is generatedfrom a sixth-orderlowpassChebychev pro-
totypewith 1 dB passbandripple, chosento provide relatively
sharptransitions.The passbandedgesof the analogfilter are
chosensomewhatwider thantheoverallpassbandwidth asthe
mostseveregroup-delaydistortionoccursat the bandedges.
It wasdeterminedempirically that an equalizerof lengthsix
is sufficient to correctfor thegroupdelayof theanalogfilter,
anda length-21interpolatorprovides the remainingrequired
amplitudeshaping.

The design processproceedsas follows. The nonlinear
phasefilter is initialized by minimizing the rms passbander-
ror of thecascadewith theanalogfilter:

minimize a/0bGcedEf
gg 8 �	���E>F�	����[ +Ch ,
-�.0/�i gg -

Parameterj representsthedesiredgroupdelayof thefilter cas-
cade. The performanceof an FIR equalizeris typically very
sensitiveto thechoiceof j , empiricallydeterminedfor thisex-
ampleto be Tk� SGl @ . The m - integral is hereapproximatedby a
Riemannsumover an appropriategrid of frequencies.Then,
with thelow-ratefilter response

8 �	��� fixed,theoptimization

minimize a/0bGced2f
gg 8 �	���29:�	���2;<�	���E>F�	����[ +Ch ,
-�.0/�i gg -

subjectto n 8 �	���E9o�	���E;<�=���E>?�=����n - � � � hep , �rqts�uwv
is performedoverthepossibleinterpolatorresponses9o�	��� . At
this point theoptimizationbeginsiteratingbetweendesigning8 �	��� with 9:�	��� fixedaccordingto

minimize a/0bGc dEf
gg >?�	��� 8 �	���E9o�	���E;<�=����[ + h ,
-
.C/�i gg -

and designing 9:�	��� asbefore. Note that the stopbandcon-
straintis not enforcedwhendesigningthelow-ratefilter. This
filter haslittle effect on thestopband,andwhat little degrada-
tion mayoccuris easilycompensatedin the interpolator. Not
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Fig. 2. Passbanderrorvs. iteration.

shown arethe auxiliary constraintson the transitionbandsof
the filters usedto avoid extremeresponses.Figure 2 shows
theoptimizedvalueof the rmspassbanderroraftereachtwo-
part iteration. After eight iterationsthe responseshave nearly
settled,with a7 dB improvementover thefirst-passdesign.

Figures3 and 4 show the responsesof the two iterative-
ly optimizedFIR filters alongwith the analog-filterandcas-
caderesponses.In the passbandthe low-rate filter provides
the group-delaycompensationandpart of the amplitudecor-
rection.Thehigh-ratefilter providesthestopbandsuppression
andtherestof theneededamplitudeshapingin thepassband.
Thenonlinear-phasefilter hascomplex inputs,outputs,andco-
efficients,andthusrequiresfour realmultipliespercoefficient
perinputsample,or 24 total. Theinterpolatorhaslinearphase
andrealoutputs,soit requiresjustonerealmultiply percoeffi-
cientperinput sample,or 21 total. Thetwo-filter cascadethus
requires45 realmultipliesper input sample.For comparison,
a singlenonlinear-phaseFIR interpolationfilter of length32
wasdesignedto thesamespecificationsandrequired64 mul-
tiplies per input sample.This singlefilter requires38%more
multipliesthanthefactoredcascade.

IV. CONCLUDING REMARKS

Why therelatively modestgainscomparedto, say, thenear-
factorof x savingsoftenassociatedwith IFIR filtering?There
aretwo reasons.First, factoringthesinglecomplex interpola-
tor into two filters resultsin isolatingthe low-ratefilter from
the A�B�'0(D) operation,doubling the requiredcomputationfor
theequalizer. Thusevenwith only six tapstheequalizerof the
example is more computationallydemandingthan the high-
rate filter. Second,the proposedapproachis fundamentally
distinct from IFIR filtering, wherethe typically linear-phase
low-rateshapingfilter is responsiblefor the sharptransitions
andpartof thestopbandsuppression.Herethelow-rateequal-
izer is responsibleonly for passbandshaping,sincetypically
its frequency-responseperiodis only slightly greaterthanthe
bandwidthof theinputdata.Therelatively sharptransitionsof
theexampleareproducedby theinterpolatorandanalogfilter,
and in fact an IFIR filter might be usedhereto save compu-
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tation and/orlower the analogfilter order. The configuration
usedwaschosento isolatethe interactionbetweenthe linear
andnonlinearphasesections.

This iterativeapproachto filter designis not limited to mini-
mumMSEobjectivesor equiripplestopbands,but is applicable
to almostany filter responseerrormeasure.How thenatureof
the objective and the type and numberof constraintsaffects
eitherconvergencerateor iterationgain is an openquestion.
Althoughnot attempted,this approachcouldalsobeextended
to threeor morefilters.
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