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Abstract

Random-processautocorrelationsandcrosscorrelations
in threedimensionshere provide computationallyefficient
mean-square-error and average-gain measures to control
mainbeamandsidelobecharacteristicsin convex optimiza-
tion of far-field beamformingcoefficients for large wide-
bandarrays. An exampleoptimizedwith theultra-efficient
interior-point codeLOQOillustrates.

1. Intr oduction

Optimizationof beamformingweightsfor widebandar-
raysof hundredsor thousandsof sensorelementspresents
a formidablecomputationalchallenge,the far-field version
of which we proposeto addressthroughformulationof a
convex optimizationproblem—inparticularasecond-order
coneprogram[1]—followedby its numericalsolutionwith
an ultra-efficient nonlinearoptimizer, LOQO [2, 3], that is
basedon a so-calledinfeasibleinterior-point method.This
paperdevelopslinearandquadraticperformancemeasures
that can be used in efficient formulation of designcon-
straintsin suchan optimizationsettingand illustratesthe
conceptsthrougha simpleLOQO-optimizedexample.

Theuniquecontribution hereis theapproach,an exten-
sion to threedimensionsof an approachdevelopedearlier
for thedesignof FIR digital filters in onedimension[4]. In
this new settingwe might control sidelobelevels, for ex-
ample,by constrainingthe beamformeroutputpower that
would resultfrom incidentthermalradiationrandomlydis-
tributed over wavenumberscorrespondingto the desired�
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sideloberegion. We will show that this is mathematically
equivalentto constrainingtheRMSlevelof thearraypattern
over that sideloberegion. Similarly, fixing the crosscorre-
lationbetweentheoutputof thebeamformerandtheoutput
of aco-locatedisotropicelementwhenbotharesubjectedto
thermalradiationrandomlydistributedoveradesiredmain-
beamregioneffectively fixestheaveragemain-beamgain.

The motivatingadvantageof this approachis computa-
tional efficiency. Beamformeroptimizationwith second-
order coneprogramminghasin fact beenreportedprevi-
ously [5], but thoseearly explorationsusedseparatecon-
straintsat many individual points in wavenumberspace.
While suchwavenumbersamplingappearspracticallyun-
avoidablein

���
optimization,ourexperimentssuggestthat

for
���

optimizationthe presentapproach,by avoiding the
implicit multidimensionalnumericalintegrationassociated
with sampling,canbe two ordersof magnitudefasterfor
planararraysof a few hundredelements.

The presentapproachof specifying thermal-radiation
power densityasa function of wavenumberalsoprovides
tremendousflexibility in the creationof systemsof con-
straints.Hereweonly begin to tapthispotential,illustrating
theapproachwith wavenumbersuniformly distributedover
theportionof a hemisphericalsurfacecorrespondingto the
desiredsideloberegion for a narrowbandarray.

Thekey mathematicalresultsarederivedin thenext sec-
tion andillustratedthroughLOQO-basedcomputationalex-
amplein thethird section.

2. BeamFormulation

Before dealing with thermal radiation, a single plane
wave will helpsetup theconceptof anarraypatternin the
precisewaydesired.
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The Array Pattern A single-frequency planewaveprop-
agatingat somevelocity � with wavenumbervector �
	 , the
negativeof a look vector 	 , hasa complex field proportion-
al to (we will say equalto) �
� ��������� �������������! at an arbitrary
spatial location " . (This field hasspatial frequency #�	$#
and wavelength %'&(#)	$# .) Multiplying this by someunits-
conversionconstant* resultsin the analytic signal at the
outputof an isotropicsensorat location " , andmoregen-
erally such a constantwould take form *,+.-/	10 to reflect
the additionalgain and phaseshift of a nonisotropicsen-
sor. Complex sensorgain +2-!	10 is a function both of look
direction 	3&(#)	$# and(temporal)frequency �4#)	$# .

For thepurposesof this paper, thebeamformeroutputis
a beamformingsumof theform 5637 -!890;:=<��>$?A@ � + � -!	10�*B� � ��������� �������������! 
This analyticsignal is formedasa complex linear combi-
nationof theanalyticsignalsoutputfrom sensors,thearray
elements, at the locationsin somefinite set C . This beam
canbefactoredas 6'7 -!890�:EDF-!	10�*B�G� �H�I�����J��� , wherethearray
patternor complex beamformergain isDF-!	10�:=<��>$?K@ � + � -!	10L� � �H�M�H� � (1)

This complex gain is the ratio of theanalyticbeamformer-
outputsignalto theanalyticoutputof ahypotheticalisotrop-
ic elementat location "N:PO .
A Random Field Now insteadof a single planewave,
supposethefield comprisesmany plane-wavecomponents,
with the componentat wavenumber �
	 having random
complex amplitudeQSRF-/	10 , whererandommeasureR is fi-
nite in meansquare(on any Borel setin TVU ) with orthogo-
nal increments.Thentherandomincidentfield at location" andtime 8 is givenby second-orderstochasticintegral

�W � � ��������� �������)�J���! Q$RX-/	10 (2)

andyieldsbeamformeroutput637 -!890;:Y* W DF-!	10L� � �H�Z�����)�J���!�,��� �� QSRF-!	10
As an example, supposefor someparticular fixed 	
[

that RF-\DA0 is definedto yield a zero-meancircular com-
plex randomvariable if 	
[E]^D and so that RF-�DK0_:`Oa

Moregenerally, theweightscanbemadefunctionsof frequency.b
Many texts like Wong andHajek [6], Rosenblatt[7], Adler [8], and

Yaglom [9] usea Stieltjes-styleintegral with respectto an orthogonal-
incrementprocess,but that is more natural in a single dimension. The
presentdevelopmentinsteadfollows Rozanov [10] andusesa Lebesgue-
styleintegral with respectto a randommeasure.

if 	
[c&]dD . In this simple case,the field then comprises
a singleplanewave at wavenumber�
	
[ , but with random
(Rayleigh-distributed)amplitudeand(uniformly distribut-
ed) phase. With a more-general randommeasure R , the
randomfield (2) wouldcompriseuncorrelatedcomponents
distributedacrossthespectrumof wavenumbers.

The Power Gain The averagepower e 7 of this beam-
formeroutputise 7 : fhg 6 7 -!890 6 7 -\890�i: j *�j � W^W DF-!	10 DF-\kl09�G� ����m �����)�HnV��oZ�� \���!�p���Hn,oM �� �'qr fhg'Q$RX-/	10 QSRF-\kl0)i: j *�j � W j DF-!	10Gj � Q$st-!	10 (3)

usingbasicresult fhg'Q$RX-/	10 QSRF-\kl0)iu:wvZ-/	x�Ykl0ZQ$kyQSst-/	10
from stochasticintegrationtheory[6,9]. SincetheintensityfhgZjSz(j � i of the randomfield givenby (2) is similarly giv-
enby {AQSst-/	10|:}st-�T~U�0 , positive Borel measures on T~U
shouldbe interpretedasthedistribution versuslook vector
of complex field intensity.

A normalizationfurther clarifies the picture. The nor-
malizationconstantis thepower e~� out of anisotropicele-
mentat "u:�O , obtainedby replacingDF-/	10 with unity in the
derivationof (3) to obtaine � :Pftg 6 � -\890 6 � -\890)i�:}j *�j � st-\T U 0 (4)

The power gain of the beamformerin responseto the hy-
pothesizedrandomincidentfield is theratioe 7e~� : W j DF-!	10Gj � Q4�F-/	10
where normalized measure � , specified by �F-\DA0�:st-�DK0H&�st-\TpU�0 , is seento be a probability measure. This
power gain can therefore be effectively interpreted as a
weightedmean-squarebeamformergain. Many usefulper-
formancemeasurescanbeformulatedthroughwavenumber
distributionsspecifiedby � or s .

Normalized Crosscorrelation If we adoptthe awkward
but consistentnotatione 7 � for thecrosscorrelationbetween
the beamformerand isotropic outputs,then a completely
parallelderivationyieldse 7 � :Efhg 6 7 -\890 6 � -!890�i�:�j *pj � W DX-/	10ZQSst-/	10 (5)

and e 7 �e�� : W DX-/	10ZQ4�F-/	10
aweighted-averagebeamformergain.Thiscanbeusefulin
main-beamspecifications.
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Figure 1. Simple example: A cir cular off-boresight
main beam and minim um-RMS sidelobes.

The Autocorrelation of the Field It is sometimesadvan-
tageousto computeaveragepower e 7 andcrosscorrelatione 7 � in a “spatialdomain”obtainedthroughinverseFourier
transformationof the relationships(3–5). Begin by substi-
tuting (1) into (3) to obtaine 7 : j *�j � <��� �(>$?/@ � @ � W + � -!	10 + � -/	109� � �H�'��������n��$ QSst-/	10

: j *�j � <��� �(>$?/@ � @ � -�� ���|�_�
� � � 0
-\"�����0 (6)

where
�

denotesconvolution, where � � -\"l0 is the inverse
Fourier transformof + � -!	10 , where

� � � denotesthe para-
conjugateof function � � , relatedaccordingto

� � � -��$0�:� � -9���$0 , and where
� -\�$0 is the 8N:�O spatialautocorre-

lationof therandomfield:� -\�S0�: fE� W � � ���'��� � QSRF-!	10 W � � ����oS�����In��� QSRF-\kl0'�: W � � �H�'��� � QSst-/	10
Unsurprisingly, this is just the inverseFourier transformof
thedistribution s of poweracrossthelook-vectorspectrum.
Parallelderivationsyield e~��:cj *�j � � -�O$0 ande 7 � :}j *pj � <��>$? @ � -�� � �|� 0
-!"l0 (7)

��4�S��E� 
�4�S��¡�¢

Figure 2. For narr owband sidelobe contr ol, look
vector 	 was distrib uted unif orml y on a hemisphere
with a main-beam cutout.

The importanceof theseforms in computingthe power
ratioslies in thefinite characterof thesumsandin special
casespermittingthe convolutionsto be easilyandexactly
computed.Themostobviousis theisotropicarray-element
case� � -��$0�:PvZ-\�$0 in which theconvolutionsdisappearand
leaveonly theautocorrelation.This is thecasedevelopedin
theexample.

3. A SimpleComputational Example

We considera narrowbandarray operatingat temporal
frequency �3&�£ with 61 array elementslocatedin the hor-
izontal plane(orthogonalto ¤¥ ) within an origin-centered,
hexagonallyshapedregionat the £,&�¦ spacedpointsof a tri-
angularlattice.TheLOQO-optimizedarraypatternin Fig.1
minimizessidelobepowergain e 7 &�e � using(6) while fixing
theaveragemain-beamgain e 7 � &�e � using(7).

Sidelobepower gainsarecomputedsupposingthat the
random-fieldlook vectorsare distributed as sketchedin
Fig.2,uniformly ontheuppersurfaceof aradius£ n 5 hemi-
spherelessa circularcutoutof half angularwidth §F:}¦�OS¨
andcenteredin the direction ¤© of the desiredmain beam.
Here ¤© and ¤¥ are ª4OS¨ apart,so the main beamis ª4OS¨ “of-
f boresight.” The uniform spectralsurfacedensitychosen
integratesto unit power. The averagemain-beamgain is
computedsupposingtherandom-fieldlook vectorsaredis-
tributed insteadover the cutoutregion in the figure, again
with powernormalization.

The autocorrelationkernel
�

in (7) is just the inverse
Fourier transformof a uniform distribution on this cutout,
andthekernel

�
in (6) is thedifferencebetweentheinverse

Fourier transformsof uniform distributions on the hemi-
sphereandon the cutout. Eachtransformis computedus-
ing theresultderivedin theappendix.For example,with "
a dimensionlesslocationnormalizedby £ for mathematical
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convenience,theautocorrelationis givenby

¦ � -�£(" 0�: W 5[�« [S-�¦�¬�­ %®�°¯ � #�" � ¤¥ z
" #G0I� � ���4± �  � � Q�¯� W 5²J³H´ � « [ -�¦�¬ ­ %®�°¯ � #�" � ¤© z
" #10Z� � ���4± �¢ � � Q�¯
Foreach	 , thedecibelgain ¦�O�µ·¶$¸¹j DX-/	10Gj in Fig.1 is plot-

ted versusthe projectionof 	 into the horizontalplane. S-
incethelook vectorsof interestareall of length £ n 5 , those
projectedpoints form a filled circle, the baseof the plot.
The imagegrayscalecyclesfrom black to white andback
to black every 10 dB, so the sidelobesclosestto the main
beampeakabout �¹¦4º dB, whereasthe largestof the side-
lobescloseto thefront (to theviewpoint of theplot) areat
about ��ª$º dB.

APPENDIX:
Inverting a Spherical-ShellSpectrum

Herewewill multiply look vectorsby £ andlocationsby£ n 5 andin eithercasedenotethedimensionlessnormalized
result with an underscore.We will denotedimensionless
unit vectorswith ahat.

Supposewearegivensomeunit vector ¤¥ andsomefunc-
tion »�-\¼�0 that togetherdefinespectralmeasures throughQSst-/	10�:c-!½4¬l0 n 5 »®-/	 z ¤¥ 0ZQS¾¿-!	 0 , usingnormalizedlook vec-
tor 	 :c	1£ andwith ¾ representingLebesguesurface-area
measureon hollow unit sphereÀ in TVU andextendedto TVU
with ¾¿-/À � 0�:�O . Theautocorrelationis then� -!"l0�: W � � �H�M�H� � Q$st-!	10�: %½$¬ W »®-/	 z ¤¥ 0Z� � ���'� � � QS¾¿-/	 0�Á
where " :=£ n 5 " . Note that when »®-\¼�0x:Â% everywhere,
thenormalizationhasresultedin

� -\OS0V:E¾¿-!À�0�:�% .
To put this integral in a moreconvenientform for com-

putation, begin by expressingvectors 	 and " in a for-
m of cylindrical coordinateswith axis ¤¥ by decomposing
eachinto a componentalong ¤¥ and a componentin the
two-dimensionalsubspaceorthogonalto ¤¥ . This resultsin	 :Ã¯ ¤¥ÅÄ 	1Æ and " :EÇ ¤¥�Ä "lÆ . Thenwrite 	1Æ as È ¤É withÈ�Ê�O so that 	 :Ë¯
¤¥NÄ È ¤É . (The ÈN:dO point canbe left
undefinedwith no effect on the integral.) Thesedecompo-
sitionstransformtheintegrandto »�-�¯,0L� � �H�4±3Ì � � ����Í �Î � �$Ï .

Determining the normalized differential surface areaQS¾¿-/	 0 is more involved. Constraint 	 ]ÐÀ implies bothQ4	 ÑÒ	 and Q ¤É Ñ ¤É . The first of these,using Q�	 :Q�¯�¤¥�Ä È;Q ¤É Ä Q$È ¤É , becomes	 zSQ�	 :Ó¯¹Q�¯ Ä È�Q4È.:wO
with help from the second.This implies Q$Èu:Ô�Õ-�¯B&'ÈZ0ZQ�¯
andhenceQ4	 :ÓÈ;Q ¤É Ä - ¤¥ �Ö-�¯B&'ÈZ0 ¤É 0ZQS¯ . Now Q ¤É andQ�¯ canbeseento contributeto changesin Q�	 in orthogonal
directions,so Q$¾K-/	 0t:=È�Q ¤É r #�- ¤¥ �Ã-�¯,&MÈ�0 ¤É 01#BQS¯ . But

#4-1¤¥ �c-�¯B&'ÈZ0 ¤É 0G# � :×% Ä -�¯B&MÈ�0 � :�#�	 # � &MÈ � and henceQS¾¿-!	 0�:w#�	 #BQ ¤É QS¯ . In fact #)	 #K:w% is all that remainsto
respect	 ]XÀ , so QS¾¿-!	 0�:PQ ¤É Q�¯ .

Puttingtheseresultstogether, theintegralbecomes� -\"l0�: %¦ W 5n 5 »�-�¯,0L� � �H�4±3ÌÙØ %¦�¬ WSÚ � � ����Í �Î � � Ï Q ¤É�Û Q�¯�Á
where Ü denotesthe unit circle in T � . The inner inte-
gral is a special caseof standard[11] result «$Ý - @ 0}:5��� �ßÞ { �H�[ � �ßà ²J³H´ � � � Ý � Q$§ , so� -!"l0�: %¦ W 5n 5 »®-�¯,0 « [S-�¦M¬BÈ,-�¯,0G#
"lÆ¹#10L� � ���4±3Ì Q�¯�Á
wherethe dependenceof È on ¯ throughthe requirement
that 	 :c% hasbeenshown explicitly. It looksslightly nicer
writtenas� -\"l0�: %¦ W 5n 5 »®-�¯�0 « [�-�¦M¬�#�	1Æ®#4#
"lÆ�#G09� � ���4±3Ì QS¯�á
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