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Abstract— A recent sigma-delta modulator architecture Discrete-time . Continuous-time
incorporates spectral shaping of hardware-mismatch errors Vectotr_ ‘
through redundancy introduced by embedding the input/output  [n] ufp]  Quantizer yp,) w(t) )

basic design issues for the key vector quantizer and matrix-
impulse-response loop filter are explored. A simple design exam-

subspace in a higher-dimensional space for loop operation. Here 9®—r A1 =|p(t) 9@9

ple and simulation illustrate. h[n] — §[n]I @+ Q(uln)) : <
. INTRODUCTION eln]
Recently introduced DAC architectureisZ,3,4,5,6,7,8,9] use Figure 1:Integrated mismatch-shapimg}: DAC.

multiple AX-style shaping loops to move hardware-mismatch
errors out of the signal band. The primary application of sucg[n]
DACs is in conventional multibitAY> modulators, which re- uln), Q(u[n]), v, e[n], w(t), ande(t) are M x 1 vectors,
quire extremely high in-band precision. As shown Q][ andA, p(t), andh(n] areM x M matrices.

a vector input/outputdX; modulator and mismatch-shaping  \jatrix A performs a coordinate transformation between
DAC can be combined into a singlie>-like vector loop, invit- ~ «snconverter space”, where each vector coordinate corre-

ing a joint design. Here we look at .the design issues rais honds to a single subconverter (for example, signaisand
b_y the most-common case: ascal_ar—lnput, s_calar—output mulu;(t)), and “signal space”, where the first vector coordinate
bit DAC operating on an unquantized (continuous-valued) Qforresponds to the system inputioutput (signeis ande[n]).

more finely quantized input. The remaining coordinates are occupied by switching signals

Multibit A% modulators lower oversampling requirement§pat represent the internal redundancy of the system. Usu-
(relatlye _to single-bit modulators_) by lowering the totaIa"y the first row of A, denotedr?, is a (scaled) version of
guantization-error level and allowing more aggressive err\z

andy(t) are the scalar input and output, internal signals

. ) , ) ! R,...,1) so that outputy(t) = r”w(t) is just the (scaled)
shaping. The step-size errors inherent in a static DAC, howy,y of the individual subconverter outputs. In some architec-

ever, can severely limit the precision of the output. Error- ¢ o¢ P,12] the remaining rows oA, denotedS”, can be cho-
shaping DACs appear to be the most promising way to achiewa, ¢4 reduce hardware complexity. Here we choose simplicity

the extreme precision required. Redundancy is exploited in the 4 |t A be an orthogonal matrix (i.e. orthonormal columns),
hardware by dynamic element matching (DEMIJJ, in which ¢ thatA-1 — AT — (r, S).

M subconverters (generally one-bif) are used to implement &g grror-feedback structure shown, with loop-filter impulse
multibit DAC by combining (summing) their outputs. S'nceresponseh[n} — 5[n]1, simplifies the analysis, but any of the

output values can have several realizations (for examp!e, t,heurgualAE topologies could be used. Note that for realizability
are M ways to activate exactly one subconverter), switching

between these as time progresses has the effect of “averagin[g | = dlnJT must be strictly causal,

out” the errors due to hardware errors. In the sequel, “ele- h[n] =0, n<0
ments” and “DAC elements” refer to the subconverters, while -1
“the DAC” and “the AX DAC” refer to the full system. ’

. SYSTEM DESCRIPTION

n=0.

A. Hardware Model

The hardware model used is that dfl,[ which describes a
Figurel shows the proposed system, a special case of the vefank of DAC subconverters whose outputs are combined to
tor architecture presented id(]. Conceptually it is similar form a single multibit signal. The subconverters are defined
to a conventional scalar-input, scalar-out@ loop, butin-  py the matrix pulse responge(t) and the error signal vec-
ternally it has vector signals, a vector quantizer, and a matrpsr €(t), which in the case of conventional (unshaped) DAC
noise transfer function (NTF). The resulting redundancy is thglements is just a constant offset. Elempni(t) is the unit-
key to the shaping of hardware errors in the DAC output. Hergample response of theh element to theth input. If all el-

This work was supported by the AMRF-C program (ONR 31) of the Office€Ments have identical output pulses and there is no crosstalk,
of Naval Research. thenp(t) = p(¢)I for some scalar pulse responsg). Any




variation among the main-diagonal entries is a result of pulsethere p,.(t) = rTp(t)r and ps(t) = rTp(t)S. In the

height, pulse-shape, and pulse-offset (clock-timing) differe o< (1,...,1)T case response,(t) represents the “average”
ences. Nonzero entries outside of the main diagonal modalbconverter pulse shape, while(¢) models the mismatch
crosstalk between elements. The final DAC output is formeand crosstalk between the subconverters. Error tegifi$ and
by combining the individual DAC elements in the matrix mul-es(¢) are the components of the quantization error that lie in
tiply by (vector projection ontoy™ . the subspace occupied by the inp(t) (alongu,) and in its
) _ orthogonal complement, respectively.

B. Input-Output Relationship

We now proceed to find the transfer characteristic of the systemc Frequency-Domain Analysis

in Fig. 1. The vector quantizer output will be modeled as th?m houah th . v best d ibed in the fi
sum of the quantizer input and an error term, though the system is structurally best described in the time

domain, the basic noise-shaping premise is frequency-domain
Q(u[n]) = uln] + e[n). based, and thus the design &t systems is almost always

done in the frequency domain. To be somewhat rigorous,
Using = for dis_crete—time convolution, the quantizer input inghjs requires that we take one of two approaches. The first
turn can be written is to consider deterministic, finite-energy signals and look at
the usual Fourier-transform representations. The other is to
model the input, quantizer error, and output as random pro-
with g, = (1,0,0,...)T the first standard unit vector, and cesses and work with the power spectra of signals of interest.

ufn] = p,z[n] + (hx e)[n] — efn],

substituting this results in Here we choose the latter, making the simplifying assump-
tions thatz[n], e, [n], es[n], ande(t) are all uncorrelated with
Q(uln]) = pyzln] + (h = e)[n]. each other. Further we assume thain] is circular, so that

Se.(fT) = S..(fT)I, and we sehg[n] = hg[n]I in respect
for that circularity. We assume no prior knowledgepmf(t)
v[n] = A71Q(uln]) other than perhaps some general sense of its overall magnitude,
1 so for lack of specific vector directions or spectral regions to
=rafn] + (A" h«e)[n], favor by intelligent design choice, we det.[n] andhg,[n] to
recalling that vector is the first column ofA—!. The quan- Z€ro. Thus the output power spectrumii§,[Preliminaries and

The input to the bank of DAC elements is

tized output is fed to the bank of DAC subconverters, Appendix]
w(t) = (p*v)(t) +€(t) Sy(f) = |Po(F)PTS.(fT) + " Sc(f)r
= (prxz)(t) + (PA~" xhxe)(t) + €(t), + [Ho (fT) P[P (f)PTSe, (fT) 3
where the mixed discrete/continuous-time convolution of (for + [Hs(fT) P[P (£)|PTSe, (FT)

example)p(t) andvin] is defined as ) ) ) )
where the first term is the desired signal, shaped by the average

(p*xVv)(t) 2T Z p(t — kT)v[k]. DAC pulse, the second term is is the additive noise of the sub-
k converters (generally assumed to be DC-only), the third term
) - is the shaped noise introduced by quantizing the signal, and the
The system output ig(t) = r* w(t), or last term is the shaped mismatch error of the subconverters.
_ (T T A—1 T Written in this way, it may appear that th®> modulator
y(t) = (rprx>2)(t) + (" pA T xhxe)(t) +roe(t). (1) and mismatch-shaping DAC can be considered independent
We can simplify this if we partitionh[r] after the first entities, in the spirit 0f1,2,3,9]. In general, however, Fid. is

row/column as not equivalent to a stand-alone modulator feeding a mismatch-
haln]  hus[n] shaping DAC, since the error signalgn] andes[n] are related

hin] = (hl n] h“'s[n] ) through the quantizer. The potential benefit of combining the

ST s modulator and DAC comes from choosing the combined quan-

tizer and customizing the filtering appropriately, which is the
topic of the next section.

e[n] = ex[n]
es[n] )’ Ill. DESIGN ISSUES
We now write the output as The design of a multibitAX DAC consists of choosing the
T DAC elements, the quantizer output constellation (a subset of
y(t) = (pa xz)(t) + 1 €(t) the possible subconverter inputs), a quantization rule for as-

he Ty e (2) signing the subconverter inputs, and the error shaping response
T <p”” ps) * h., hg * es OF h[n]. Ideally, we would directly optimize the system parame-



ters, (the quantizer rule and error shaping) to achieve, for ex- s

ample, minimum error energy in the signal passband: ;
1

8

Q.h
s.t. modulator adequately stable v2

minimize / IZ(f)? df
}-passband

whereZ(f) is the last two terms of3). Unfortunately, the
highly nonlinear nature of the quantizer makes this an im-
practical task (such optimal parameters are elusive even for
AY modulators alone), and furth&f(f) (and thus the opti-

mal system parameters) depends on the input signal through .
its effect one,[n] andeg[n]. Instead, we present a general
single-parameter class of vector quantizers, including two spe- a—1

cial cases of interest, to control the relative magnitudes of er- _ ) )
rorse,[n] andes[n]. We then approach the design of the errorfigure 2:Constellation of a dual unit-element DAC (top), and

shaping filters as an extension of existig. literature. quantization rules for various values @f

A. Quantizer Design

We define a quantizer by the pdi, Q), where constellation
C = {ci.} ¢ RM is a finite set of possible output vectors an

quantizer ruleQ : R — C maps inputs to outputs. The in- o1 feeding an independent DEM DAC, where the first quan-
VErse images (de'c!smn regior), = {3 € R™:Q(d) = ization step occurs in thAY, and the second occurs in the
cx } induce a partitiorD = {Dj} of R™". A moSt-COmmOn pAac \Whena = 1/2 we have a true nearest-neighbor quan-
rule is to map inputs to the nearest constellation point, or equiyiz e sinceA is orthogonal and the constellation is the Carte-
alently to minimize the Euclidean norm of the error: sian product of orthogonal subconstellations (those of the sub-
converters) this is easily implemented by first multiplying the
input vector byA —!, quantizing the input to each subconverter
independently, and then transforming back&y

closestr value and then choose within that subset to minimize
error in thes direction. This is effectively the quantizer used
dn previous works 1, 2, 3, 9] describing a scalaAY. modula-

Qd) = argmin lex —dl|.

crE

Here we wish to control the relative magnitudes of ¢heand
es components of the errer= Q(u) — u, and thus we define B |oop Filtering

anew norm
x
H( s ) sign, approximate quantization error levels can be determined
for e, [n] andeg[n]. The individual filters can be determined
As o is varied from zero to one, this norm places increasingsing cookbook approache$4] or by optimization [L5). As
weight on ther component of the vector, and the correspondwith standardAY> modulators, the out-of-band gain and the
ing quantization rule increasingly favors reducingat the ex-  order of the filter are predictors of system stability. Here, how-
pense oks. ever, there are two responses and multiple dimensions, and un-
For example, let us look at the simplest multi-element DAGil AY. theory is extended accordingly, experimentation seems
possible, composed of two one-bit elements with input valuahe best way to test for joint stability.

Much of the design approach for the loop filtering can be bor-
rowed from standard\> theory. Based on the quantizer de-

=Var2+(1-a)|sl2, 0<a<l.

[e3%

{-1,1}. Take It is not required forh, [n] and hs[n] to have the same or-
A — L( 1 1 ) der, although empirically this seems to work well. for 1,
vail -1 h.[n] can be chosen just as for a standalone multdt mod-

. . r  ulator, withhs[n] then tweaked for optimal SNR. Experience
and denote the input to the DAC with the vector- (v, va )" has shown 1, 3] that hs[n] can generally be chosen as for a

The corresponding constellation is shown in Rg(top), in one-bitAs modulator. For ~ 1,2, h[n] andh.[n] can both

both the(z, s) and (vy,v2) coordinate systems. We see tha
2 can take on three distinct values, thus the DAC is indee&%f chosen as f_or a one-hit>} modulator. Values ofy less .
than1/2 make little sense unless the subconverters are multi-

multibit. Figure2 (bottom) shows the partitions corresponding . )
oo — 1, = 2/3, anda = 1/2. The partitions forr = 1/3 "bit DAC’s themselves.
anda — 0 follow in this case by exchangingands. IV. DESIGN EXAMPLE

From Fig.2 we can see two important special cases, which
intuitively extend to higher dimensions. Asapproaches one, Consider a nine-leveAY DAC comprised ofM = 8 one-bit
the error in thex direction dominates so strongly that effec-subconverters with% rms randomly chosen pulse-height mis-
tively we first choose the subset of the constellation with theatch between them, and no timing errors or crosstalk.A et



be an appropriately scaledx 8 Hadamard matrix. The con- Output Spectrum
stellationC consists of the 256 corners of an eight-dimensional 0 s R
hypercube. We wish to maximize SNR with an oversampling  _5g|

ratio of 32 and fifth-order noise shaping with optimized zeros.

The Delta-Sigma Toolbok14] for Matlab was used to design -40}

the noise shaping. We consider— 1 (the classic solution)

anda = 2/3. -60r

Fora — 1, first h,[n] was determined by raising the al-
lowed out-of-band gain until the boundary of stability was®
found with a sinusoidal input. Then the same was done for _qqg
hs[n]. The resulting subconverter-input vectdrn| was fed to
ideal subconverters, to the mismatched subconverters, and to-120

SNR =

74dB

an unshaped thermometer-encoded DAC (which operates only
on the sum of the elements ofrn] and ignores the mismatch-

shaping information).

The ideal and thermometer-encoded ~160

DACs represent the best- and worst-case performances. Fig-
ure3 shows the output power spectra and SNR for the example

(top), as well as the shaped signal-quantization and mismatch- _120}

error spectra (bottom). The shaped mismatch error dominates,

suggesting a lower value far.

For o = 2/3, the allowable out-of-band gains of the two
shaping responses were adjusted to maximize SNR while re-
taining stability. This was achieved when the two shaped error
terms ofZ(f) were approximately equiain the passband, as
seen in Figura (bottom). Reducing to 2/3 did in fact lower
the mismatch error, but also raised the signal quantization er-
ror. Thus, we don't achieve ideal performance, but we do real-

ize another 2 dB of SNR gain over the usudlX followed by

an independent mismatch-shaping DAC. Both mismatch shap-
ing methods are far superior to the unshaped DAC.

V. CONCLUSIONS

We have presented a general scaiat DAC architecture that .
allows the spectral shaping of both quantization and hardwarg®
mismatch errors. A simple example demonstrates how adjust-

ing the quantization rule can “even out” the distribution of er- [9

rors and improve overall SNR. Conventiod®l noise shaping
design techniques appear to carry over well to the joint-shaping

approach.
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