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ABSTRACT

In independentomponentanalysis(ICA), random-ariableinde-
pendencés oftenequatedvith factorizationof thejoint moments,
expectationsof productsof powers. This papershavs that mary
nonpaver functionsare equally useful: if E[f(X)g(Y)] factors
into E[f(X)]E[g(Y)] for every f andg from anindependence
class thenrandomvariablesX andY areindependentExamples
of andsufiicient conditionsfor independencelassesrepresented
for boundedandomvariables.

I. INTRODUCTION

Formally, it is elementarythatif X;, X5, ... areindependentan-
domvariablesthenfor ary Borelfunctionsf, .. ., fa,

Blf1(X1) x -+ X fu(Xn)] = E[fi(X1)] x - -+ % E[fn(an]l,)

aslongaseithet f;(X;) > 0a.sVj=1,...,norE[f;(X;)] <

o0, Vj =1,...,n. Thereis anobvious converse:If (1) holdsfor

all n andfor all Borel functionsfi, ..., fn, thenXi, Xo,... are
independenthecauséndicatorslg,, ..., 1s, , for ary Borel sets
By, ..., B,, areBorel functions,and (1) becomesitherof these
(thesecondusuallydefinesandom-ariableindependence):

E[1p, (X1) x -+ x 15, (X,)]
= E[1p,(X1)] X --- x E[1B, (X4a)],

P[X1 € B1,--+,Xn € By
= P[X; € B1] x --- X P[X,, € B,].

Thusfor independenci is enougtthat(1) hold for indicatorfunc-
tions, establishingonealternatve to momentfactorization. Would
other families of functionssene aswell? For boundedrandom
variablegrelevantin ICA, thispapershavsthatsuchfamiliesexist,
establishesuficientidentificationcriteria,andgivesexamples.
Thefootnotesarefor thereademwho mightbemissingsomeof
therelevantmathematicabackgroundaindcanbe safelyignored.

II. SUFFICIENT CONDITIONS FOR INDEPENDENCE

Definition 1 For classX of randomvariablesona commorprob-
ability spaceand family F of real Borel functionson R, F is
an independencelassw.r.t. X if E[f1(X1) X --- X fo(Xn)] =
BElfi(X1)] X -+ x E[fn(Xn)] Vf1,..., fo € F impliesthein-
dependencef arbitrary X,..., X, € X.

Thiswork beganwhenthe authorwaswith The BoeingCompary.
1Loéwe[1, Section16.2,p. 238], Billingsley [2, p. 284], or Chung[3,
Corollaryto Theorem3.3.3,p. 53].
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SotheBorelfunctionsandtheindicatorfunctionson Borel setsare
both independencelassesw.r.t. ary family of randomvariables.
But the hugefirst classis trivial, andthe secondjust reflectsthe
definition of independenceso neitheris of muchinterest.To find
moreinterestingndependencelassesye mustfind smallerones.
First, the randomvariablesof an infinite sequencere inde-
pendentf thosein every finite subfamily are? which leadsto this:

Proposition2 Let F be an independencelassw.r.t. X, andlet

X1,X2, ...EX. |f E[fl(Xl) X --- X fn(Xn)] = E[fl(Xl)]X
<o X BE[fn(Xn)], Vf1,..., fn € F andfor everyn = 2,3,. .,
thenX, X», ... areindependent.

A w-systent afamily of subset®f R closedunderfinite intersec-
tion, thenprovidesfurtherindependencelassesHereB refersto
the Borel subsetof R, andB N Y denotes{BNY : B € B}.
If 7-systemD generate®, thenD NY is* ar-systemgenerating
BNY . TheY = R specialcaseof this next theorem:heindicator
functionsof aw-systemgenerating form anindependencelass.

Theorem 3 For classX of randomvariableson a commorprob-
ability spaceletY € B besud thatVX € X, XeY as. If
w-systenC geneateso-field B N'Y, thenthe family of indicator
functions{1¢ : C € C} is anindependencelassw.r.t. X.

PROOF: Let X4,...,X, berandomvariableson a common
probability spaceandinitially let r-systemC generater-
field B. By definition® theindependencef Xi,..., X,
is just the independencef [X:1 € Bi),...,[X» € Ba],
VBj,...,B, € B. Supposdor themomentthatX; € Y
always. Thentheseeventscanbe written [X; € B; N
Y],...,[X» € B, NY], soindependencesquiregustthe
independencef o-field® X ' (BNY),..., X, (BNY).
If C is a w-systemthatgenerate® N'Y, then X; ' (C) is
a m-systeni that generatés X, '(B N Y). Independent
w-systemsggeneraténdependent-fields? sotheindepen-
denceof classesX; ' (C),..., X, ' (C) is suficient. This
simply requiresheseequivalentconditionsto hold:

P[X, € Ci,...,Xn € Cn]
=P[X1 € C1] x --- x P[X,, € Cp]

Elle, (X1) x -+ x 10, (X))
= E[lcl (Xl)] X - X E[lcn (X‘VL)]:

2Chung[3, Section3.3,p. 50].

3Billingsley [2, p. 36]

4Billingsley [2, Thm10.1(ii), p. 156].

5Billingsley [2, p. 267].

6Billingsley [2, Thm10.1(i),p. 156].

7Billingsley [2, noteA7, p. 565].

8Billingsley [2, problem13.5(c),p. 187].

9Billingsley [2, Thm4.2,p.50] or Loéwe [1, Thm 16.1B,p. 237].




for all C1,...,C, € C. This implies independencef
Xi1,...,Xn,s0{l¢c : C € C} isanindependencelass.

Now wealentherequirementX; € Y to X; € Y with
probabilityone,or X; € Y U N; with P[X; € N;] = 0.
Againtheindependencef X1, ..., X, firstreduceso the
independencef events[ X1 € Bi],...,[X, € B,], or

P(X7Y(B1)N...n X (Bn))
=P (X' (B1)) x...x P(X,'(Bn)), (2
for arbitrary By, ..., B, € B. In the developmentabore,

eachB; couldat this point be replacedwith the equivalent
eventB; N'Y, but heretheseeventsmay not beequvalent.

Considettheleft sidefirst. For brevity, let Z = X; ' (B2)N
...NX;(B,). Then,sinceX; € Y U Ny,

P(X7'(B)NZ)
=P(X{'(BiN(YUN))N Z)
=P((X{'(B1nY)NZ)uU (X; "(B1NN1) N Z))
<P(X[YBiNY)NZ)+P (X' (B1NM)NZ)
<P(X{'(BiNY)NZ) + P (X' (N))
=P(X{'Y(BiNY)NZ).
In this chairt® thelastcertainlycannotexceedthefirst,!* so
we have squeezedogethetthem = 0 andm = 1 formsof

P ({ﬁ X;7'(B; mY)} n { ﬁ X[l(Bi)}> :
i=1 i=m+1

A similar agument? beginswith them = 1 form andes-
tablishesequalitywith them = 2 form. Continuing,

P(X;7Y(B1)N...n X, (Bn))
=P (X7 (BiNnY)N...nX; ' (B.NY)).

Specializingvith B; = Rfor j # iyieldsP (X; ' (B;)) =
P (X;7'(BiNY)),so(2) becomes

P(X;'Y(BinY)N...NnX,; (B.NY))
=P (X' (B1NY)) x...x P(X, (B, NY)).

Thatthis hold for arbitrary By, ..., B, € Bisjustthes-
tatementhato-fields X' (BNY),..., X, '(BNY) are
independentTherestof theproof proceedssbefore. O

Mary 7-systemsgjeneratéheBorels,including'® theopensets,
the closedsets,and the intenals (including the empty intenal)
of ary one of eightforms, (a,b), [a,b), (a,b], [a,b], (—o0,b),
(—00,b], (a,o0], and [a, 00), whoseendpointscan be restrict-
edto a setdensein R, like the rationals. The b-adic intenvals™*
{((k—=1)b"",kb™"] : n, k € Z} with thenull setadjoinedyields
a w-systemgeneratinghe Borelg® for ary integerb > 2. The-
orem3on {(—oo,z] : z € R} is this: afinite family of random
variablesareindependenif theirjoint distributionfunctionfactors.

10Themeasures subadditiity andmonotonicityyield theinequalities.

11Becausef the monotonicityof themeasure.

12pistinguishing2” now andredefiningZ asthe undistinguishegbart.

13Chung[3, p. 28], Loéwe[1, p. 104],Billingsley [2, p. 156],andFolland
[4, Prop.1.2,p. 21].

14Billingsley [2, p. 4].

¥yz € R,3{zn} C Z 3: 32 | o ThenNoLo Uin_ o ((k —
Db~ kb~ "] = (—o0, z].

Approximatingindicator functionswith convergent function
sequenceteadsto even smallerindependencelasses.Notation
X ~ F meangandomvariableX hasdistribution function F':

Lemma4 LetG beanindependencelassw.r.t. X', andlet F be
afamily of real Borel functionsonR. Suppos¢hatVg € G,VX €
X, thereisasequencd fi } C F sudthatf, — ga.e F ask —
oo andsud that|fi| < M a.e F for someM < oo (independent
of k), whee X ~ F. ThenF is anindependencelassw.r.t. X.

PROOF: With X, G, andF asabore andVh;, .
E[h1(X1) x -+ X hp(X3)]
= E[h1(X1)] x -+ X E[hn(Xy)]- 3)

Fix X1,...,X, € X andgi,...,g» € G. ThenVj =
1,...,n, thereis asequencq f;1, fj2,...} C F suchthat
fix = g; a.e.Fj ask — oo and|fjx| < M; < oo
a.e.F;, whereX; ~ Fj. Since|fjx(X;)| < M; < oo
andfjk(Xj) a;s). gj(Xj), it follows thatE[fjk(Xj)] —
E[g;(X;)] bythedominatectorvergencetheorem® (DCT).

Also |E[g; (X;)]| < E|g;(X;)| < oo, wherethelatterin-
equalityis guaranteethy the DCT. Therefore,

Elfir(X1)] X -+ X E[fnr(Xn)]
= Blg1(X1)] x - - X E[gn(Xn)] (4)

ask — oo, becausehe producton the left mustcorverge
to the productof thefinite limits of its factors!’

Similarly, theboundsonthefunctionsgive | f1x (X1) x

X fak(Xn)| € My x - x M, < oo. Sincethe f;i
areboundeda.e.F}, soaretheg;, andthereforef, (X1) x

X fur(Xn) B g1(X1) x -+ X gn(X,). The DCT
thenimpliesthat E[fix(X1) X - - - X frr(X5)] corverges
to E[g1(X1) X --- x gn(X,)]. Thesequencekereandin
(4) areequalby (3), so their limits are also equal. Func-
tionsgi,...,g» € G werearbitrary andg is anindepen-
denceclassw.r.t. X', so Xi, ..., X, areindependentThen
F is anindependencelasswith respecto X’ becausg3)
impliesindependencéor arbitrary X,,..., X, €e X. O

.., hn €F,

If boundedunctionsconvergeto theindicatorsa.e.with respecto
the probability distributions,thenTheorem3 andLemma4 apply
The compl-valued continuousfunctionswith compactsupport
on X aredenotedC.(X) in this corollary'® to Lusin’s theorem'®

Corollary 5 (Lusin) Supposehat p is a Radonmeasue®® on a
locally compactHausdorf spaceX andthat g is a complex mea-
surablefunctionon X with |g| < 1 andu({z : g(z) # 0}) < occ.
Thenthere is a sequence fi } with f, € C.(X) and|fx| < 1
sudthat fr, — g a.e p.

Doesthe corollary apply? SpaceX hereis just R underthe usu-
al topology which malesit alocally compactHausdorf space’*

16Billingsley [2, Thm 5.3, page72, or Theoreml6.4,page213], Chung
[3, (viii), page42], or Rudin[5, Thm 1.34,p. 26].

17Rudin[6, Thm 3.3(c),p. 49].

18Rudin[5, p. 56].

19Rudin[5, Thm2.24,p. 55] or Folland [4, Thm 7.10,p. 211].

2OFolland[4, p. 205].

21Every metric spaceis Hausdorf [5, p. 36], andtherealline is locally
compactiy the Heine-Boreltheorem6, Thm2.41,p. 40].



Measurey is the Lebesgue-Stieltjegrobability distribution (mea-
sure)correspondinf to F, the distribution function of random
variable X. Sincey is regula®® and finite, it is Rador®* The
corollary’sfunctiong hereis suitablyboundedndicatorl¢. Since
p is finite, the supportof g is trivially finite. So the corollary’s
conditionsaresatisfiedandtheLemma4 sequencesxist. Thereal
partsof the corollary’s complex functionsinherit thelatter’s prop-
erties,sothe corollary ensuresa real function sequencdor areal
limit function. FromTheorem3, Lemmad4, andCorollary5 then:

Theorem6 Theclassof real functionsin C.(R) formsan inde-
pendencelassw.r.t. anyfamily of randomvariables.

Thecelebratestone-V¢ierstras3 heoremwill furthernarrav
the function class. Someterminologyis needed.Thereallinear
spaceof real-valuedcontinuousfunctionson compactHausdorf
spaceX is denotedby C(X,R), andary subspaced closedun-
derpointwisemultiplicationis asubalgbra of C'(X, R). A subset
S of C(X, R) sepaatespointsif for everyz,y € X with z # y,
somef € S hasf(z) # f(y). Thisstraightforvard corollary of
the Stone-WeierstrassTheoren?® generalizeshe famousWeier
strassApproximationTheorer® andis all thatis needechere:

Corollary 7 (Stone-Wierstrass)Let X be a compactHausdorf
space If A is a subalgbra of C (X, R) that containsthe constant
functionsand sepagtespoints,thenfor everyg € C(X,R), there
is a sequencef functions{ f;. } in A sud that f, — g uniformly
ask — oo.

With Lemma4 andTheoremb this corollary givesthefollow-
ing key theorem,in which A|x indicatesthe family {f|x : f €
A} of therestrictionsto K C R of thefunctionsin A.

Theorem8 LetX beaclassof randonvariablesuniformlybound-
ed a.s. on a commonprobability space Let A4 be a family of
real Borel functionson R with A|x a subalgbra of C(XK, R)
that containsthe constanfunctionsand sepaatespointsandwith
K C R acompacineighborhoot of zeo. Thenther is a positive
a sudh thatVX € X, aX € K a.s. Further, for any sud «,
{f: f(z) = h(az), h € A} isanindependencelasswr.t. X.

PROOF: Let A, K, andX be asabove with b > 0 suchthat

VX € X, |X| < ba.s.NeighborhoodX of zerocontaing®

a closedintenal [—a, a] for somea > 0. Fix a = a/b;
then|aX| = ¢|X]| C a,s0aX € [-a,a] C K.

Thesecondconclusiorof thetheorems basednlLem-

ma4. ConsiderX € X with X ~ F anda real-walued

g € C.(R). Defineg’ € C(K,R) by g'(z) = g(£). By

Corollary 7, thereis a sequencdh } in A with by, — ¢’

uniformly on K. Let Borel function f; onR be suchthat

fe(z) = hi(az) for z € R. Then fi(x) = hr(az) —

g'(az) = g(z) uniformlyon{z : ax € K}. ButaX e
K,s0fi(X) %3 g(X), andfr, — g uniformly a.e.F.

22Fglland[4, Thm 1.16,p. 34].

23Folland[4, Thm1.18,p. 35].

24Folland[4, p. 205].

25Folland[4, Thm4.45,p. 133].

26Fglland[4, Thm4.50,p. 135].

27Folland[4, p. 108].

28SinceK is neighborhoodf 0, 3 openV C K with 0 € V. Onthe
realline, opensetsareunionsof disjoint openintenals, so3e,d > 0 3:
0€ (c,d) CV C K.Takea = 1 min{c,d}.

Also requiredis a uniform boundonthe { fx } a.e.F'.
Eachhy, is continuousoncompacisetK andscd” is bound-
edon K, and f;, is boundedon {z : az € K}. But
aX € K a.s.,sofor someM; < oo, fr(X) < My as.,
S0 fy is essentiallypounded w.r.t. F. Thefamily of such
functionsis a Banachspacé! with the essential-supremum
norm|| - ||leo. Butg € C(K,R) implies®® ||g||oc < 00, SO
fr — g uniformly a.e. F' yields corvergencein the norm
trivially, andthe boundednessf the normsfollows > So
for someM < oo, ||frllo < M andhence|f;| < M a.e.
F. Thetheoremfollows from Lemma4. |

In this theorem the functionsin A arehorizontallyscaledto
form anindependencelass. If a horizontalshift is permittedas
well, then K neednot containa neighborhoof zero.

The following lemmawill permit “the linear spanof A|x”
to replace“ A|x” in Theorems, greatlyreducingthe size of the
independencelassesThis lemmais alsousefulwith Theorem3.

Lemma9 If thelinear spanof F is an independencelasswith
respecto X, thensois F.

PROOF: Fixfinitefamilyy C X andwriteY = {X1i,..., X}
for convenience. Let Gy be the classof Borel functions
With Eg(X1) X - X ga(Xn)] = E[g1(X1)] x --- x
E[gn(Xy)] for all g1,...,9» € Gy. ThengGy is closed
underscalamultiplication,because

Elegi(X1) X -+ X gn(Xn)]
= Elcg1(X1)] x E[g2(X2)] X + -+ X E[gn(Xn)].
Also, Gy is closedunderaddition,becausé, g1, . . .
Gy implies
E[(h(X1) + g1(X1)) X g2(X2) X -+ X gn(Xn)]
= B[h(X1) + g1(X1)]
x E[g2(X2)] x - -+ x Elgn(Xn)].

79"6

SogGy is closedunderlinearcombination.

Now supposéhatthe linear spanof F is anindepen-
denceclasswith respecto X'. ButF C Gy = spaf{F} C
Gy = thememberof ) areindependentBut Y C X was
arbitrary soF is anindependencelassw.r.t. X. a

Theorem 10 LetclassX of randomvariablesbeuniformlybound-
eda.s.on a commorprobability space Let.A be a family of real

Borel functionson R for which the linear spanof A|x includes
asubalgbra of C (K, R) that containsthe constanfunctionsand

sepaatespoints,whee K C R is a compactneighborhootf' of

zeo. Thenthere is a positivea sudh thatVX € X, aX € K

a.s. Further, for anysud a, {f : f(z) = h(az),h € A} isan

independencelassw.r.t. X.

This is just Theorem8 modified by Lemma9, and a corollary
yieldsthe obviousindependencelasse®f continuousunctions:

29Rudin[6, Thm4.15,p. 89].
30Rudin[5, p. 66].

31Rudin[5, Thm3.11,p. 67].
32Rudin[6, Thm4.15,p. 89].
33Rudin[6, Thm 3.2(c),p. 48].
34Folland[4, p. 108].



No independencelassA spanof A
1 {1,z,2°%,.. .} polynomialsin z
2 Chebyche polynomialsin z polynomialsin x
3 {e"":n=0,1,...} polynomialsin e™*
4| {1,cosz,sinz,cos 2z,sin 2z,...}  trig polynomialsin z
5 {e™ :n=0,1,...} polynomialsin e**
6| {1, f(z), f*(x),...} (f monotonic) polynomialsin f(x)

Tablel: Examplesof Theoreml0independencelasses.

Corollary 11 On a commonprobability spacelet X be a class
of randomvariableswith range a.s. containedin closedinterval
I. Let. A bea family of real, continuousfunctionson I that sep-
aratespoints. Thenthe (algebraic) closue of A underpointwise
multiplication,whenthe unit constanfunctionl is adjoined,is an
independencelassw.r.t. X.

Thefamily A in Corollary 11 might contain,in the simplestcase,
asinglestrictly monotonic,continuousfunction!

TheorenB modifiedby Lemma9 becomedheoreml2,which
with Theoreml0andCorollary11is the papers primaryresult:

Theorem 12 Let X bea classof randomvariablesona common

probability spaceandletY € B besudthatVX € X, X Cy.
If m-systenC genemtesB N'Y andif indicator functions{1¢ :
C € C} areincludedin thelinear spanof family F of real-valued
Borel functionsonR, thenF is anindependencelassw.r.t. X.

. EXAMPLES

Classe®f indicatorfunctionsmeetingthe Theoreml2 criteriaare
easilyfound for boundedrandomvariables. The dyadicintervals
D= {(k27",(k+1)27"] : n,k € Z}, for example,area -
systemthatgenerateshe Borels,sotakingY to be someinterval
(—2%,2"] sothatC = D N'Y compriseghosedyadicintervals
containedin Y males the indicator funtions of the setsin C an
independencelass. Further thesefunctionsarein the spanof
anindependencelassof square-ave basisfunctionsrelated® to
Walshfunctions®® They cantake valuesin {£1} or {0,1} (asly
is alreadyin the basis). An independencelasscanbe similarly
constructedrom ary integercoeficientbasisiy, Ws, ... forR™.
Tablel lists somecontinuous-functiorclasseshat meetthe
TheoremlOrequirementsfor ary givenfamily of uniformly bound-
edrandomvariables,eachis within horizontalscalingof aninde-
pendenceclass. The first examplesays,for example, thatinde-
pendencef boundedrandomvariablesX andY is equivalentto
decorrelationof all (nonngative) integral povers X™ andY ™.
The secondexampleremindsusthattherearemary generator®f
the polynomials. Replacingn by a generalreal X in the third ex-
amplegivesafamily of functionson ary compactubsetf R that
canbe usedto prove the uniqguenes®f the Laplacetransformor
moment-generatinfunction®’ Hereit saysthata separabléfac-
torable) vector moment-generatinfunction (on negative integer
amuments)mpliescomponenindependenctr asuitablybound-
edrandomvector Changing‘real Borel functions”to “complex
Borel functions”in Definition 1 makesexample4 andexample5
equivalent,becausexpectatiorfactorsfor bothclassesf it factors
for either Exampleb is relatedto aproofof characteristic-function

35Horizontally shift andscaleleft-continuousiValshfunctions.
36de Coulon[7, p. 68].
37Chung[3, Thm6.6.2,p. 189].

uniquenes£ andit tellsusthatif thevectorcharacteristiunction
(on positive integerarguments)s separabléor asuitablybounded
randomvector thenits elementsareindependentExamplesl, 3,
and5 suggesexample6, in which ary f for which A separates
pointswill do, asthis impliesthat f mustbe strictly monotonic.
Examplesl and 3 are specialcasesof example6, andthe inde-
pendencelassesn examplesl, 3, 5, and6 caneachbe described
usingasinglegeneratgrasin Corollary11. Example4 is covered
by Corollary 11 also, but it requiresboth cos z andsin z asgen-
eratorsin orderto separatgointsin [—w, 7w — €]. Example2 is
not caveredby the corollary becauséhe Chebyche polynomials
arenotthe closureundermultiplication of asmallerset. They are
not even closedundermultiplication. But the linear spanof the
Chebyche polynomialsequalsthat of the class.A of examplel,
whichis asubalgebraf therequisitesortspecifiedn TheoremlO.

IV. SUMMARY

If expectationdistributes over productsof functionsof random
variablesfor all functionsin anindependencelass(w.r.t. anap-
propriateclassof randomvariables),then the randomvariables
areindependent.Whenthe functionsare powers, this saysonly
that factorablehigherorder joint momentsimply independence.
But higherordermomentgshemselesarenot distinguishedn ary
way. For boundedrandomvariables,this paperoffers small in-
dependencelassesand thus a variety of alternatvesto higher
ordermomentdor establishingndependenceia expectationfac-
torization.Necessargonditionsfor anindependencelassremain
undiscaered,but sufiicient conditionshereyield interestingclass-
esof indicatorfunctionsandof continuougunctions.
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