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ABSTRACT Vector Unit-Sample
i - i ; ; Spatial) Response
Extending an existing architecture for delta-sigma conversion of (Suantlzer P
vector inputs, we suggest spectrally shaping quantization noise a[n] y(@, 1)
jointly in temporal and spatial frequency domains with delta-sigma —r[n] p(z,t)
modulation, and we examine the application of the idea to wide-

band antenna or acoustic arrays and to halftoning of video imagery.
h[n] — d[n|I

1. INTRODUCTION :
Loop Filter

Delta-sigma QY.) modulation is widely used in D/A and A/D
conversion to obtain high precision, linearity, and dynamic range Fig. 1. Space-timeAX modulator. The loop filter matrix is square.
in exchange for a higher sampling rate or lower bandwidth [1] The shapes of other boxes indicate relative matrix dimensions.
by placing a low-resolution quantizer inside a feedback loop to
spectrally shape quantization noise to minimize its interference 2. SPACE-TIME A3 MODULATION
with the signal. Out-of-band quantization noise is then removed . . o o
with digital or analog filtering according to the application (A/D Our architecture for space-tinie3: modulation is shown in Fid] 1
or D/A). High oversampling rates (rates relative to signal band- @ndis a natural extension of our earlier vecdt architecture([8].
widths) result in signal-to-noise ratio (SNR) levels often exceed- INput vectora[n] represents the original, high-resolution signal

ing the roughly 100 dB limit of conventional (Nyquist-rate) con- t0 be AX-modulated, and the nblock applies
verters. One-bit quantizers have traditionally been used for their Unit-sample response matrixn] to create spatially and tempo-
automatically near-ideal characteristics, but newer multiasit- rally bandlimited inpub|n] for input to theA3 modulation loop.

like architectures[[2]3]4] 5] spectrally shape hardware-mismatch!n awideband arrayy x 1 vectora[n] might contain scalar wave-
errors as well and lower oversampling requirements by increasingforms to be transmitted, and columnsidfx N matrixr[n] would
parallelism. act as individual beamformers to generate individual array-element
Spatial AX modulation of images to produce halftone images drives. For videoX N x 1 vector sequenca{n] of two-dimensional
from continuous-tone ones is knownesor diffusion[g, [d]. Typ- images with\V' pixels of K" color components each could be spa-
ically, continuous-valued image files viewed on a monitor at 100 tially and temporally interpolated usiny x KN matrixr[n].
dots per inch (DPI) are converted to 600+ DPI binary-valued im- ~ Each vector coordinate inside i loop corresponds to a
ages for printing. Single-bit quantizers are used, but less for beinghardwareunit elementperhaps a switch feeding a radiator in an
ideal than because they model printers and displays with binary-array or a color component (i.e. RGB) of a pixel. The loop is
valued pixels. The inherent lowpass nature of human vision then closed around aoop Filter operating on the quantization error of
replaces the explicit post-modulator filtering that removes quanti- & Vector (Spatial) Quantizer. Sequential computability requires
zation noise in temporah® modulation. The eye’s sensitivity is  Strict causality in the loop-filter impulse response bgo] = I.
much lower than theé00 dB mentioned before, so lower oversam- The quantizer output is thax-modulated space-time signal.
pling rates and filter orders are typically used in halftoning thanin ~ Matrix Unit-Sample Response(z;, t) and matrixS” charac-
temporal applications. Further, human vision is necessarily sub-terize the physics of combining unit-element outputs at tiraier
jective, and so SNR measures can involve more than just in-banda unit-sample input at positian. The mathematically unnecessary
signal and noise power levels. decomposition into two matrices is convenient for hardware mod-
Given the benefits of temporal and spatis® modulators ~ eling. For arrays$” p(, t) is aL x M matrix, with L the number
individually, it is natural to consider jointly oversampling space Of electromagnetic polarization components or acoustic propaga-
and time in a space-tim&Y modulator. An obvious applica- tion modes of interest antl/ the number of unit elements. Féf
tion is halftoned video sequences for simple binary displays. A color-component video imagery, it isfd x M matrix.

perhaps more technically challenging application is digitally con- Begin the detailed analysis of Fig. 1 with the quantizer input,
trolled transmit arrays of medium to high bandwidth for RF (com-
munications, radar) or acoustic (sonar) systems in which hardware u[n] = (r+a)[n] + (h*e)[n] —e[n],

simplicity and perfect amplifier linearity make single-bit outputs
attractive. Here we first extend previoAs: results to the case of
joint space-time modulation and then consider the applications.

wherex represents conventional discrete-time matrix-vector con-
volution. The quantizer output becomes

This work was supported by the Office of Naval Research wn] = (r xa)[n] + (h*e)[n].
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Defining a temporal convolution in continuous/discrete-time by  x, f), the desired-signal (first) term df (2) becomes

(p*b)(@,t) 2T p(a,t — kT) blk], Y@, f) =Y Pr(@—xk, /)T Y Rin(fT)An(fT)
k k n

Yo, f) = 3 Pr(o, AT Rin(fT)e ™6 A, (),
k n

with 7" denoting both the system sampling interval and transpose

the final system output, before/after Fourier transforming, @ ] ) ]
where we have transformed to the far field (see Appehnix A) in the

y(z,t) = (ST pxrxa)(z,t)+ second line. If element responses are identical Bgtw, f) =
(STP* hse)(z,t) @ Po(v, f) can be factored from the summation overwhich is
B then recognized as a spatial Fourier transform:
Y(z,f) = S"P(z,f)TR(fT) A(fT) + . . A
STP(m,f) TH(fT)E(fT). 2) Yi(v, f) = PO(Uaf)TZRn('vaT)An(fT)' ®3)

Onthe rightin each the first and second terms are the desired signalhis extends the classic array-pattern formulation to multiple in-
and the quantization error respectively, each shaped by the pulseuts, with the pattern seen byh input A, (fT') just the product of
matrix after filtering. To suppress the error term at spatio-temporal element patter#, (v, f) and thenth array factor 'R, (v, fT).
frequencies containing desired signal components, one must care- Taking the error term of]2) through similar stages,

fully choose the spatial locations of unit elements (antenna ele-

ments, transducers, or ink dots), the vector-quantization rule, the Y.(x, f) = Z Pi(xz — xy, f)TZ Hin(fT)E(fT)

signal and noise frequency respon®6&f7") and H(fT'), and % n

possibly even pulse-response mafpikz,t). We next consider - oA —j2rxT o
the details for arrays and video sequences separately. Ye(v,f) = Po(v, )T ; Hyn(fT)e FUE(fT) (4)

3. APPLICATIONS = Po(v, /)T Y Hu(v, fT)En(fT). (5)
3.1 Wideband Antenna Arrays Frequency repsonsén(v, fT) is the spatial and temporal shap-

ing of element&,, (f1') of the quantization error.
A new generation of RF transmitters keeps signals digital nearly to How does [B) relate to the spatio-temporal spectrum of the
the individual antenna-element inputs where D/A conversion, ana- quantization error? Suppose element locatirs} are distinct
log filtering, and power amplication finally takes place. Tremen- and that interpolation function,, (x), with Fourier transformi, (v),
dous flexibility in choosing array patterns results[[9, 10], ideally is constructed such that, (—x..) = 6.m, a Kronecker delta.
for each of several signals separately. Intermodulation will be un- (The minus sign will prove convenient.) Insert
acceptable, however, unless any high-power amplifiers handling
multiple simultaneous signals are extraordinarily linear. One op- Z / Un(—2)3(T — Xpm) dT = Z S = 1
tion is to forego conventional amplifiers and instea& modu- — o
late high-power switche$11]. Adding closely spaced antenna el- ) ) )
ements to this scheme boosts output power per unit aperture andnd two superfluous conjugations infp (4) and rearrange:
opens the door to joint spatial and tempatdl modulation]

To analyze such a system, let eleménof vector w[n] in Ye(v,f) = o\ * ©)
Fig. [l be the timenT" input to high-power switch: feedind an . —iomxTw
antenna element at position. Let thekth diagonal3 x 1 block Po(v, f)/ T Z e 7T Hin (fT) Yon(—)
of p(z,t) model linear, time-invariant propagation from switch ok
input % to the fields at position: so that element3k, 3k + 1, and B
3k + 2 of vector (p x w)(x, t) are thez, y, andz components % Z En(fT)0(@ = xm) | de.

of the electric field at positiomr and timet. Off-block-diagonal

entries represent crosstalk and mutual coupling between elementsParseval’s relation applies. Fourier transforming parenthesized quan-
Superposition of switch/element fields is modeled by block matrix tities from spatial variable: to a spatial-frequency variable, sgy

sT = [Is,1Is,...,1I3], assembled fron3 x 3 identity matrices.

~ _ionaT
System outpuy (x, t) becomes & x 1 vector of field components. E(n, fT) 2 Z En(fT) e™72m®m? (7)
. . Fy* A —j2rzTv *
Array Pattern and Noise Transfer Function H (v,m; fT) 2T [e k Hk,n(fT)] W (n). (8)
n,k

We now examine in more detail the responses that modify signal
and noise in[{2). Writing théth column ofs” P (z, f) asPy (x — Parseval’s relation now reveals (6) to be a linear-system integral:

1 o . . oE . . N .

2The situation is similar for ultrasonic arrays; sgq [12]. _ Y.(v,f) = Pg(v,f)/H(v,n; fT)E(n, fT)dn. (9)

Summing multiple switch outputs together to feed a single physical

element would allow shaping of hardware-mismatch errors wymgmic . . - .
element matchingDEM) [B,8]. This is simply modeled with nonunique Linear-system input-output relatiofj (9) is the heart of the mat-

x's. A DEM version of this system would require generalization of our ter. The final parenthesized quantity [ (6) is the error signal con-
analysis however, which for simplicity assumes that> x, is one to one. centrated spatially on element locatidns, }, here acted on in the



transform domain in[{9) by noise-shaping respoﬁﬁ(&n; f7).

This depends on one temporal input-output frequency but on input
and output spatial frequencies separately. It therefore represents
a linear system that is time-invariant but not space invariant [13].
Its response should be designed to distribute the noise in its out- 2T
put spac&® x R of spatio-temporal frequenci¢s, f) so that the

final application in [[9) ofP (v, f), the spatio-temporal frequency

Quantization Noise

response of the antenna element, will discard most of the noise. In ;
Identical elements have made this element system space invariant f Signal /;
as well as time invariant. Further, its spatio-temporal frequency re- e !
sponse is automatically zero except on the Helmholtz cone defined !
by |f| = ||v||, the “visible region” of spatio-temporal frequency |
space (AppendiK]A). 05 ‘

— 24 v fn/e 2d

Spatial and Temporal Oversampling
Fig. 2. Example signal and quantization-noise regions.

Strict-causality requirement[0] = I prohibits suppressing quan-

tization noise everywhere, so the noise must instead be placed ouaind the unit elements (pixels) are generally on a rectangular lattice.
of band. Where is that? Element locatiofis,} and sampling Moreover, the relevant frequency domain is not based on coherent
interval T' control the structure of the signal and noise input to far-field propagation but instead on the straightforward temporo-
the element system, and both are well defined and nonzero on thespatial Fourier spectrum of the video intensity distribution. The
whole (v, f) space. Perio@ " in temporal frequency has been bandlimited nature of wave propagation (the visible region) is also
implied throughout by the discrete-time system structure. Arbi- unimportant. It is the lowpass nature of the eye, both spatially and
trary element locations can lead to aperiodic functions of spatial temporally, that filters out high-frequency quantization errors.

frequency, but if the elements lie on some lattic&® defined by In Fig. [1, each color gets some consecutive number of ele-
matrix A then both signal and noise terms are periodic in spatial ments in each vector, possibly a different number for each color,
frequency as well with period =7 Cartesian produch =7 x 7+ depending on the relative densities of different-colored pixels and

then gives the overall spatio-temporal frequency period. This musttheir locations. Composite pixels are simply separate monochrome
be made large enough to include an out-of-band region, preferablypixels with identical locations. Spatio-temporally oversampled low-
off the visible (Helmholtz) cone entirely. Once this is done, filter pass signab|n| represents spatio-temporal intensity distributions

responsesi%n(v, fT) and Fl(v,n; fT) can be chosen to maxi-  input to the modulator loop. The quantizer output represents the

mize SNR in the in-band portion of the visible region. binary intensities driving display pixels. Pixel-intensity response
As a simple example, take elements uniformly spaced at inter- matrix p(z, t) representing the display is block diagonal by color

val d along ther axis, and use spatial frequeney= (vz, vy, v:)". with each block itself diagonal by pixel location. Withi x 1

Rewriting the right-hand sides df (3) arfdl (5)Rs(v, £)W. (v, f) b_IOCk-diagongsT = diag(s”,...,sT)ands” = (1,...,1), the
and 150(7]7]8)‘;[,5(”7”’ the implicitly defined signal and noise video output is compactly represented askhe 1 vector of color
spectraV; (v, f) andW. (v, f) have period /d in v, and are un- components (z, t).

changing a®, andv, vary. Projecting into thév,, f) plane and
considering only positive temporal frequencies, we have the four

choices illustrated in Fid] 2. The central trapezoid is the in-band We have presented the basic theory of and an architecture for joint
portion of the visible cone, projected into the plane, and the bound- . P ory . "
spatial and temporaAY modulation, focusing on key potential

ing rectangle i one period of the signal and noise spectra and cor-a lications. Much work remains to be done in extending existin
responds to particular choices dfandd. Out-of-band regions PP ) 9 9

where quantization noise can be placed are shaded. In the uppe‘f&E stability theary and loop filter design to the joint space-time

: L. : : . . case, as well as in quantizer design. As an example of the latter,
right, 7! is chosen just slightly larger than the signal bandwidth, P ; . ;
andd — ¢/2f» — An/2, the classic choice. There is no over- the vector quantizer in Fid] 1 might itself be a spatial-oANy

sampling, and no noise shaping is possible. On the bottom right,modulator, so that the resulting errors are already shaped spatially.
an increased’~! allows noise shaping in temporal frequency by
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