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ABSTRACT

If discrete-time(d.t.) signalsandsequencesare viewedas
distinct, with d.t. signalssimplytrains of impulsesin con-
tinuoustime(c.t.) whoseareas,systematicallynormalized,
are thesamplesequencesrealizingthosesignalsin compu-
tational DSP, thenbasicc.t. signalsand systemsis easily
followedby an introductionto multi-rate systemsfor pro-
cessingd.t. signals. Classicd.t. signalsand systemsthen
becomesfollow-on material about realizing such systems
computationally.

1. INTRODUCTION

In a strictly continuous-timeworld in which discrete-time
signalsarejust trainsof impulses,a gooddealof DSPsys-
temdesignis easilyhandledby undergraduatesthroughma-
nipulationof Fourier sketches.Multi-rate signalsarenat-
ural here,as are complex signalsand hybrid analog/DSP
systems.Impulseareas,systematicallynormalized,become
thesamplesequencesthatrealizethesesignalsin computa-
tional DSPsystems,the later studyof which encompasses
traditionald.t. topicslike convolution, � -tranforms,andthe
variousdiscrete-timeFouriertransforms.Thec.t. approach
to DSPsketchednext amountsto conciseteachingnotesfor
anundergraduatepresentationby a signals-and-systemsin-
structor.

2. DIGITAL SIGNAL PROCESSING IN C.T.

A “discrete-time”(d.t.) signal � ����� is onethat is nonzero
only on somediscreteand uniformly spacedset of times
including

���
	
. Expressingthis as � ������� � ������
������������

andFourier transformingto � ������� � ���! #"%$�&'�
shows

Thedevelopmentof thedigital-receiver examplewassupportedby the
Office of Naval Research(ONR) BaseProgramat NRL. Theothermate-
rial was developedfor undergraduateandgraduatecoursesat MTU and
UMBC.
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Figure1: From top: discrete-timesignal,D/A conversion,
conversionoutput,andsampling(outputat top).

that
"%$�&

, thesignal’s impulserate,is a periodof � �����
, so

discrete-timesignalsare paired with periodic transforms.
Fourierseries� �����:� ;=< ; 
1>?���@� ;1A �

hasinverseFourier
transform� �����B� ;C< ;8D ���E GFH&'�

, sodiscrete-timesignals
are justuniformlyspacedimpulsetrains.

We are donewith (explicit) math. Now it is time for
pictures.

Signals versus Realization, Notation

Signal amplitudeshereare dimensionless,but signal � �����
might be realized,say, asvoltage IKJ/L�M1� ����� ason the third
line of Fig. 1, with referencevoltage I JNL�M chosenfor im-
plementationconvenience.Signalimpulseareashave time
dimensions,soarea

<O& JNL�M is naturallyrealizedasdimension-
lessnumber

<
, andadiscrete-timesignalis realizedcompu-

tationallyasasequenceof suchnumbers,samples, occuring
at somesamplerate

"1$@&
. For uniformly spacedimpulses,

we chooseconstant
& JNL�M asthesamplespacing

&
, asin the

top line of Fig. 1. (Therestof thefigureis discussedlater.)

1



scale interpolate

by two
PRQQ

2

null processingstep

signal

realization

with
obvious

realization

with
alternate

Figure 2: Interpolation leaves the signal unchangedbut
transformsits realizationto ahighersamplerate.
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Figure 3: A digital filter appliesa periodic frequency re-
sponseto a discrete-timeinput.

Is theupperleft signalof Fig.2simplythewidelyspaced
impulsesvisible?Or is it actuallynarrowly spacedimpulses
with many areaszero? The secondandfourth lines of the
figureshow two of many possiblerealizationsassequences.
(Halving the standard

& JNL�M , samplespacing
&

, doublesthe
samplescaling.) We will resolve suchambiguityby expli-
citly indicatingthesamplerateto beusedin realization.

Our standardsignalnotationis a schematicfrequency-
domainsketchthatmirrors signalproperties,showing per-
hapsanimpulsivenatureor bandlimitingor conjugatesym-
metry. The exampled.t. signalon the top line of Fig. 2 is
shown in both time and frequency domains. In the spec-
tral sketch,ellipseson the right indicatethe spectralperi-
odicity that flagsa signalasd.t. For brevity, we generally
omit the axis label “

�
” and the explicit “

	
” at the origin

tic. The triangulartic mark indicatesthe samplerateto be
usedin the correspondingcomputational-DSPrealization.
Note that realizingimpulsearea

<O&
asdimensionlesssam-

ple
<

amountsto scalingthat impulseareaby tic-marked
rate

"1$@&
in the realization. This sample-ratetic hasnoth-

ing to do with thesignalitself andsocanbeomittedif the
realizionis not of interest.

D/A Conversion

Digital-to-analog (D/A) conversion refersto filtering a d.t.
input with any c.t. impulseresponse,but by default the lat-
ter is a centeredrectangleof sample-interval width andunit

area,asin thesecondline of Fig. 1. Unity DC gainmakes
the TVU�WEX ���,&'� frequency responseeasilysketched.The in-
put (aboveaxis) tic in theFig. 1 sketchindicatesthearrival
rateandnormalizationof realizationinput samples.(In not
indicating the referencevoltagethat scalesthe realization
output,we forego logical consistency.) The omittedhalf-
sampledelaythatwould make the impulseresponsecausal
is of no moresignificancethanthepropagationdelaysgen-
erally omittedfrom modelsof othercircuits andcomputa-
tional systems.We prefersimplicity andmodelsuchdelays
only whenthey matter.

Sampling

Multiplying d.t. signalsnonsensicallymultipliesco-located
impulses,but multiplication is valid whenonesignalis d.t.
andtheotheris continuousat its impulsetimes,asin sam-
pling,decimation,andmultiplicationbysinusoids,herecon-
sideredseparately.

At thebottomof Fig. 1 is asamplingexample.An input
signal—hereastairstep—ismultipliedby asamplingwave-
form, impulsesat somerate

"%$@&
and of uniform area

&
.

Thisbecomesfrequency-domainconvolutionwith unit-area
spectralimpulsesat impulse-ratemultiples.Theoutput(be-
low axis) tic refersboth to the samplingwaveform andto
thesamplingoperation,whereit denotesanoutputrateand
normalizationin therealization,ananalog-to-digital(A/D)
converter(quantizationignored).

Example System: Signal Reconstruction

Thefirst (leftmost)columnof Fig. 4 describesa systemus-
ing sampling(A/D conversion)andreconstruction(a D/A
conversionsystemto “undo” sampling)to convert a band-
limited real signal,perhapsmusicin a recordingstudio,to
d.t. form, asonaCD, andbackagain.Thespectralsketches
describefrequency-domainrelationshipsalgebraically, rep-
resentingvariablespictorially so their basicpropertiescan
be seen. Assume“ S ” on the left for unmarked lines af-
ter the first. Readlines from top to bottom: first

3
secondS third and(third

4
fourth)

4
fifth S sixth.

Upsampling and Interpolation

Thethird line of Fig.2 showsthenotationfor theprocessing
stepthatscalesthe realizationsamplerateby someinteger
without affecting the signal itself. Changingthe normal-
ization of the samplesfrom that implied by the input tic
to that implied by the outputtic amountsto scalingby the
tic-frequency ratio. Insertingzerosamplesinto the sample
sequencein therealizationto increasethesamplerateby an
integer factor Y is upsamplingby Y , denotedZ[Y . We
strainterminologyby referringto thetic-mark-shiftingnull
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Figure4: Sampling(upperleft) andfour systemsfor reconstructionof thesignalsampled.
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Figure5: Reorderingaspectral-shapingandsamplingsystemfor practicality, two examples.

signaloperationon the right as interpolation, correspond-
ing to upsamplingandrenormalizationscalingin the real-
ization.

Digital Filtering

A digital filter convolves its d.t. input signal with its d.t.
impulse response. Its input and output sampleratesand
frequency-responseperiod are by default identical, as in
Fig. 3.

Example System: Oversampling

Thesecond,third, andfourth columnsof Fig. 4 show over-
samplingalternatives to the reconstructionsystemin the
lower part of the first column. Eachdigital-filtering step
hasan outputratea multiple of its input rate,denotingin-
terpolationfollowedby digital filtering, efficiently realized
in combination.

The Most-Noble Identity

Supposewe wish to shapea bandlimitedsignalwith filter-
ing andsampletheresult. Becausedigital filtering is more
preciseandrepeatablethananalogfiltering, we might wish
to usea d.t. impulseresponse,asin the leftmostcolumnof

Fig. 5, with the neededshapingcharacteristicsin onepe-
riod of the associatedfrequency response.This plan is, of
course,impractical,aswe have no way to apply a d.t. im-
pulseresponseto an analogsignalexceptby suffering the
sameimplementationproblemsasanalogfilters in general.
To realizethebenefitsof digital filtering, convolutionswith
d.t. responsesmusthave inputsthatared.t. signalsat com-
patiblerates.In thatFig. 5 example,it wouldbemuchmore
convenientif the two operationscouldbereversedwithout
affecting the output! But (suppressingthe

�
dependence)

when,if ever, does
� � a�b � cGd � � � cGd � aeb hold?

Considerthis questionmore generally. At the left in
Fig. 6 aretwo systemsthatapplyidenticaloperationsin op-
positeordersto a commoninput. On theleft, “all” spectral
copiesin the outputhave beenshiftedin frequency, scaled
by impulseareas,andshapedby frequency responseb �����

,
astheclumsylabelingindicates.On theright spectralsha-
ping comesfirst, so it is product� ����� b �����

that is shifted
andoutputcopy f takesthe form

<1g � ���! 
shift

gE� b ���h 
shift

g �
. The two systemoutputsare thus identicalexcept

thatcopy f is shapedby b �����
in oneandby b ���i 

shift
g �

in the other. The resultsare identical if every shift is by
a multiple of the periodof b �����

. This most-nobleidenti-
ty, a generalizationof the nobleidentity for decimation,is
summarizedon theright in Fig. 6.
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Figure6: Themost-nobleidentity, provedon theleft andsummarizedon theright.
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Figure7: Decimationmultiplies a d.t. signalby a contin-
uouswaveformto discardsignalimpulsesandreplicateits
spectrum.

Thesecondcolumnof Fig. 5 shows the now-permitted
interchangeof operationsin our earlierexample. In a sec-
ond example,on the right side of Fig. 5, the new identi-
ty doesnot applybecausethefrequency-responseperiodis
too large. A standard“trick” applies: Function

d
is split

into
dGz*cGd � , sothat

� � a�b � cGd � � � a�b � c � d z cGd � �� �{� � aeb � cGd z � cGd �� �{� � cGd z � a�b � cGd �
usingassociativity andthe most-nobleidentity. OperationcGd � at theendoccursroutinelyandmultipliesa d.t. input
in thetime domainwith a particularcontinuouswaveform.
But with what?

Decimation

On the right in Fig. 7, the periodic input spectrumis con-
volved with | unit impulsessuchthat the spectralresult
hasone | th the input period, implying that all but every
| th of theinput impulsesaremultipliedby zeroin thetime

domain. The total area | of the frequency-domainimpul-
sesthengivesthetime-domainscalingof the

�=�}	
and,by

periodicity, othertime-domainimpulses.
Realizing this operationwith the minimum input and

outputsamplerates,asshown by the tics, resultsin a nor-
malizationchangethatdividesamplitudeby | andcancels
thescalingof thenonzeroedimpulseareas.Therealization
is just ~H| , decimationby | .

Example: Complex Signals and IQ Downconversion

Complex d.t. signalsarequite natural. The impulseshave
complex areas,andthesamplesthat realizethemarecom-
plex numbers.In our visualnotation,conjugate-symmetric
Fourier transformsof realsignalshave beenrepresentedin
schematicform by spectralsketchesevenaboutthe origin.
Similarly, anasymmetricspectralsketchconvenientlysigni-
fiesa time-domainwaveformthatcouldbecomplex. Gen-
erallywaveformsshouldbeshown realonly whererequired
for correctresults.For example,becausethecorrectnessof
the most-nobleidentity wasarguedin Fig. 6 usinga com-
plex input signal and a complex frequency response,we
know that its validity is not limited to real waveformsand
frequency responses.

OurFig.5 discussionof spectralshapingandreplication
usedcomplex signalsandfrequency responsesthroughout
andcanbeeasilyextendedto a realisticcomplex-signalap-
plication[1]. Thetophalf of Fig.8 showsarealnarrowband
bandpassinput signalembeddedin widebandnoiseandin-
terference.To distill thissignalto aminimal representation,
we first filter out everythingextraneous,including the re-
dundant(by symmetry)half of the signal spectrum. The
stopbandof the three-filtercascadeis just wide enoughto
suppressthe negative-frequency portion of the signal and
interference,and its passbandis just wide enoughto pass
the desiredpositive-frequency portionof the signal. Other
passbandsappearperiodically, but they fall wheretheinput
spectrumis empty. The systemoutputcomprisesresidual
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Figure8: Designof a demodulatorfor a narrowbandsignalembeddedin widebandbut bandlimitednoise.

noiseand(scaled)samplesof theinput’scomplex envelope,
so by tradition the real and imaginarypartsof the output
aredesignatedI andQ, the complex basebandsignal’s in-
phaseandquadraturecomponents,andthesystemis an IQ
demodulatoror IQ downconverter.

To put the processingstepsof this narrowbandIQ de-
modulatorinto realizableorder, split the spectralconvolu-
tion to “f actorout” adecimationby two andapplythemost-
noble identity to exchangethe higher-ratesamplingfactor
with the lowest-ratefilter. Continuingin this way will re-
sult in therealizablesystemin thelowerhalf of Fig. 8 after
four-wayfactorizationof theoriginalsamplingstepandhalf
a dozenapplicationsof the most-nobleidentity. Here the
first filter operateson a real input with a complex impulse
response,andthe other two filters operateon complex in-
putswith realimpulseresponses.Eachfiltering-decimation
combinationcanberealizedasa unit for computationalef-
ficiency.

3. CONCLUSION

Thereis certainlymuchmoreto be saidon thesesubjects,
particularlyon rationalesfor variousdesigndecisions.Yet
adevelopmentalongtheselinesshouldgiveundergraduates
enoughmulti-rateDSPto motivatestudyof more-traditional
realization-orientedd.t. signalsandsystemsandultimately
of amore-thoroughmulti-ratetext suchasVaidyanathan[2].
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