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ABSTRACT

If discrete-time(d.t.) signalsand sequencesare viewedas
distinct, with d.t. signalssimplytrains of impulsesin con-
tinuoustime (c.t.) whoseareas,systematicallynormalized,
are the samplesequencegealizingthosesignalsin compu-
tational DSR thenbasicc.t. signalsand systemss easily
followed by an introductionto multi-rate systemdgor pro-
cessingd.t. signals. Classicd.t. signalsand systemghen
becomedollow-on material about realizing sucd systems
computationally

1. INTRODUCTION

In a strictly continuous-timeworld in which discrete-time
signalsarejusttrainsof impulses,a gooddealof DSPsys-
temdesignis easilyhandlecby undegraduateshroughma-
nipulation of Fourier sketches. Multi-rate signalsare nat-
ural here, as are complex signalsand hybrid analog/DSP
systemslmpulseareassystematicallynormalizedbecome
thesamplesequencethatrealizethesesignalsin computa-
tional DSP systemsthe later study of which encompasses
traditionald.t. topicslik e corvolution, z-tranforms,andthe
variousdiscrete-timeFouriertransforms.Thec.t. approach
to DSPsketchedhext amountgdo conciseteachingnotesfor
anundegraduatgresentatiory a signals-and-systems-
structor

2. DIGITAL SIGNAL PROCESSING IN C.T.

A “discrete-time”(d.t.) signalx(t) is onethatis nonzero
only on somediscreteand uniformly spacedsetof times
includingt = 0. Expressingthis asz(t) = x(t)es?™/T
and Fourier transformingto X (f) = X(f — 1/T) shows

Thedevelopmenbf thedigital-receier examplewassupportedy the
Office of Naval ResearcfONR) BaseProgramat NRL. The othermate-
rial was developedfor undegraduateand graduatecoursesat MTU and
UMBC.
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Figure1: Fromtop: discrete-timesignal, D/A corversion,
conversionoutput,andsampling(outputat top).

that1/T, the signals impulserate,is a periodof X (f), so
discrete-timesignalsare paired with periodic transforms.
FourierseriesX (f) = Y, a,e 72™"/T hasinverseFourier
transformz(t) = 3", a,d(t—nT), sodiscrete-timesignals
are justuniformly spacedmpulsetrains.

We are donewith (explicit) math. Now it is time for
pictures.

Signals ver sus Realization, Notation

Signal amplitudeshere are dimensionlessbut signal z(¢)
might be realized,say asvoltageV;.¢ z(t) ason the third
line of Fig. 1, with referencevoltage V;.s chosenfor im-
plementatiorcorvenience.Signalimpulseareashave time
dimensionssoareaaT;.s is naturallyrealizedasdimension-
lessnumbera, andadiscrete-timesignalis realizedcompu-
tationallyasa sequencef suchnumberssamplesoccuring
at somesamplerate 1/7. For uniformly spacedmpulses,
we chooseconstantl ;¢ asthe samplespacingT’, asin the
topline of Fig. 1. (Therestof thefigureis discussedater)
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Figure 2: Interpolationleaves the signal unchangedout
transformsts realizationto a highersamplerate.
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Figure 3: A digital filter appliesa periodic frequeng re-
sponseo adiscrete-timeanput.

Istheuppereft signalof Fig. 2 simplythewidely spaced
impulsesvisible?Orisit actuallynarronly spacedmpulses
with mary areaszero? The secondandfourth lines of the

figureshaw two of mary possiblerealizationsassequences.

(Halving the standardl;..t, samplespacingT’, doublesthe
samplescaling.) We will resole suchambiguity by expli-
citly indicatingthe samplerateto beusedin realization.

Our standardsignal notationis a schematidrequeng-
domainsketchthat mirrors signal properties shaving per
hapsanimpulsive natureor bandlimitingor conjugatesym-
metry. The exampled.t. signalon the top line of Fig. 2 is
shawvn in both time and frequeng domains. In the spec-
tral sketch, ellipseson the right indicatethe spectralperi-
odicity thatflagsa signalasd.t. For brevity, we generally
omit the axis label “ f” and the explicit “0” at the origin
tic. Thetriangulartic markindicatesthe samplerateto be
usedin the correspondingcomputational-DSRealization.
NotethatrealizingimpulseareaaT asdimensionlessam-
ple « amountsto scalingthat impulseareaby tic-marked
rate1/T in the realization. This sample-ratdic hasnoth-
ing to do with the signalitself andso canbe omittedif the
realizionis not of interest.

D/A Conversion

Digital-to-analog (D/A) corversionrefersto filtering a d.t.
input with ary c.t. impulseresponsebut by defaultthe lat-
teris a centeredectangleof sample-interal width andunit

area,asin the secondine of Fig. 1. Unity DC gain makes
the sinc(fT) frequeny responseasily sketched. The in-

put (above axis)tic in the Fig. 1 sketchindicatesthe arrival

rateandnormalizationof realizationinput samples(In not
indicating the referencevoltagethat scalesthe realization
output, we forego logical consisteng.) The omitted half-

sampledelaythatwould make the impulseresponse&ausal
is of no moresignificancethanthe propagatiordelaysgen-
erally omittedfrom modelsof othercircuits and computa-
tional systemsWe prefersimplicity andmodelsuchdelays
only whenthey matter

Sampling

Multiplying d.t. signalsnonsensicallynultiplies co-located
impulses but multiplicationis valid whenonesignalis d.t.
andthe otheris continuousat its impulsetimes,asin sam-
pling, decimationandmultiplicationby sinusoidsherecon-
sideredseparately

At thebottomof Fig. 1 is asamplingexample.An input
signal—herea stairstep—isnultiplied by a samplingwave-
form, impulsesat somerate 1/7" and of uniform areaT.
This becomedrequeng-domaincornvolutionwith unit-area
spectraimpulsesatimpulse-ratanultiples. The output(be-
low axis) tic refersboth to the samplingwaveform andto
thesamplingoperationwhereit denotesanoutputrateand
normalizationin the realization,an analog-to-digitalA/D)
converter(quantizatiorignored).

Example System: Signal Reconstruction

Thefirst (leftmost)columnof Fig. 4 describes systemus-
ing sampling(A/D cornversion)andreconstruction(a D/A
conversionsystemto “undo” sampling)to corvert a band-
limited real signal,perhapamusicin a recordingstudio, to
d.t.form,asonaCD, andbackagain.Thespectrakketches
describerequeng-domainrelationshipsalgebraicallyrep-
resentingvariablespictorially so their basicpropertiescan

be seen. Assume“=" on the left for unmarled lines af-
ter the first. Readlinesfrom top to bottom: first
= third and(third ) = sixth.

Upsampling and Interpolation

Thethird line of Fig. 2 shavsthenotationfor theprocessing
stepthatscaleghe realizationsamplerate by someinteger
without affecting the signalitself. Changingthe normal-
ization of the samplesfrom that implied by the input tic
to thatimplied by the outputtic amountsto scalingby the
tic-frequeng ratio. Insertingzerosamplednto the sample
sequencé therealizationto increaseéhesamplerateby an
integer factor M is upsamplingby M, denoted] M. We
strainterminologyby referringto thetic-mark-shiftingnull
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Figure4: Sampling(upperleft) andfour systemdor reconstructiorof the signalsampled.
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Figure5: Reorderinga spectral-shapingndsamplingsystentor practicality two examples.

signal operationon the right asinterpolation correspond-
ing to upsamplingand renormalizatiorscalingin the real-
ization.

Digital Filtering

A digital filter convolvesits d.t. input signal with its d.t.
impulseresponse. Its input and output sampleratesand
frequeng-responseperiod are by default identical, as in
Fig. 3.

Example System: Over sampling

The secondthird, andfourth columnsof Fig. 4 showv over-

samplingalternatves to the reconstructionsystemin the
lower part of the first column. Eachdigital-filtering step
hasan outputratea multiple of its input rate, denotingin-

terpolationfollowed by digital filtering, efficiently realized
in combination.

The Most-Nable | dentity

Supposewe wish to shapea bandlimitedsignalwith filter-
ing andsamplethe result. Becauseligital filtering is more
preciseandrepeatabléhananalogfiltering, we might wish
to usead.t. impulseresponseasin the leftmostcolumnof

Fig. 5, with the neededshapingcharacteristicsn one pe-
riod of the associatedrequeng response.This planis, of
course,impractical,aswe have no way to applyad.t. im-
pulseresponsdo an analogsignal exceptby suffering the
sameimplementatiorproblemsasanalodfiltersin general.
To realizethe benefitsof digital filtering, convolutionswith
d.t. responsemusthave inputsthatared.t. signalsat com-
patiblerates.In thatFig. 5 example,it would be muchmore
convenientif the two operationscould be reversedwithout
affecting the output! But (suppressinghe f dependence)
when,if ever, does(X ) = (X » () hold?

Considerthis questionmore generally At the left in
Fig. 6 aretwo systemghatapplyidenticaloperationsn op-
positeordersto a commoninput. Ontheleft, “all” spectral
copiesin the outputhave beenshiftedin frequeng, scaled
by impulseareasandshapedy frequeny response? (f),
asthe clumsylabelingindicates.On theright spectralsha-
ping comesfirst, soit is productX (f) H(f) thatis shifted
andoutputcopy k takesthe form a; X (f — shifty) H(f —
shift,). The two systemoutputsare thus identical except
thatcopy k is shapedy H(f) in oneandby H(f — shifty,)
in the other The resultsare identicalif every shift is by
a multiple of the periodof H(f). This most-nobledenti-
ty, a generalizatiorof the nobleidentity for decimation,is
summarizedntherightin Fig. 6.



periodic

all x H(f)

ag

waveform’— | | 1o

eachx H(f —impfreq)

S T T

theseoperationcommuteif
impulselocations
aremultiplesof the
responsgeriod

Figure6: The most-noblddentity, provedon theleft andsummarizedn theright.

MHH TMXTt N N
******** 0« T

Figure 7: Decimationmultiplies a d.t. signalby a contin-
uouswaveformto discardsignalimpulsesandreplicateits
spectrum.

The secondcolumnof Fig. 5 shawvs the now-permitted
interchangeof operationdn our earlierexample. In a sec-
ond example, on the right side of Fig. 5, the new identi-
ty doesnot apply becausehe frequeng-responsgeriodis

too large. A standard‘trick” applies: Function( is split
into , sothat
(X < 1) = (X H)«( )
= (X < H)«6h)
= (X =Gy) = H)

usingassociatiity andthe most-nobleidentity. Operation

atthe endoccursroutinely andmultipliesa d.t. input
in the time domainwith a particularcontinuouswaveform.
But with what?

Decimation

On theright in Fig. 7, the periodicinput spectrumis con-
volved with N unit impulsessuchthat the spectralresult
hasone Nth the input period, implying that all but every
Nth of theinputimpulsesaremultiplied by zeroin thetime

domain. Thetotal areaN of the frequeng-domainimpul-
sesthengivesthetime-domainscalingof thet = 0 and,by
periodicity, othertime-domainmpulses.

Realizing this operationwith the minimum input and
outputsamplerates,asshavn by the tics, resultsin a nor-
malizationchangehatdividesamplitudeby NV andcancels
the scalingof the nonzeroedmpulseareas.Therealization
is just | N, decimatiorby N.

Example: Complex Signalsand | Q Downconversion

Comple d.t. signalsare quite natural. The impulseshave
complex areasandthe sampleshatrealizethemarecom-
plex numbers.In our visual notation,conjugate-symmetric
Fouriertransformsof real signhalshave beenrepresenteih
schematidorm by spectralsketcheseven aboutthe origin.
Similarly, anasymmetricspectrakketchconvenientlysigni-
fies a time-domainwaveformthat could be complex. Gen-
erally waveformsshouldbe shavn realonly whererequired
for correctresults.For example,becausehe correctnessf
the most-nobleidentity wasarguedin Fig. 6 usinga com-
plex input signal and a comple frequeng responsewe
know thatits validity is not limited to real waveformsand
frequeng responses.

OurFig. 5 discussiorof spectrashapingandreplication
usedcomple signalsandfrequeny responseshroughout
andcanbeeasilyextendedo arealisticcomplex-signalap-
plication[1]. Thetop half of Fig. 8 shavsarealnarravband
bandpasput signalembeddedn widebandnoiseandin-
terferenceTo distill this signalto aminimal representation,
we first filter out everything extraneous,ncluding the re-
dundant(by symmetry)half of the signal spectrum. The
stopbandof the three-filtercascades just wide enoughto
suppresghe negative-frequenyg portion of the signaland
interferenceandits passbands just wide enoughto pass
the desiredpositive-frequeng portion of the signal. Other
passbandappeamperiodically but they fall wheretheinput
spectrumis empty The systemoutputcomprisesresidual
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Figure8: Designof ademodulatofor a narrovbandsignalembeddedn widebandout bandlimitednoise.

noiseand(scaledsamplef theinput’'s complex ernvelope,
so by tradition the real and imaginary partsof the output
aredesignated andQ, the complex basebandgignal’s in-

phaseandquadrmature componentsandthe systemis anlQ

demodulatoror IQ downcowerter.

To put the processingstepsof this narrovbandIQ de-
modulatorinto realizableorder, split the spectralconvolu-
tion to “factorout” adecimatiorby two andapplythemost-
nobleidentity to exchangethe higherrate samplingfactor
with the lowest-ratefilter. Continuingin this way will re-
sultin therealizablesystemin the lower half of Fig. 8 after
four-wayfactorizatiorof theoriginal samplingstepandhalf
a dozenapplicationsof the most-nobleidentity. Herethe
first filter operateson a real input with a complex impulse
responseandthe othertwo filters operateon comple in-
putswith realimpulseresponsesEachfiltering-decimation
combinationcanberealizedasa unit for computationakf-
ficienoy.

3. CONCLUSION

Thereis certainlymuch moreto be said on thesesubjects,
particularlyon rationalesfor variousdesigndecisions.Yet
adevelopmentlongthesdinesshouldgive undegraduates
enoughmulti-rateDSPto motivatestudyof more-traditional
realization-orientedl.t. signalsandsystemsandultimately
of amore-thorougmulti-ratetext suchasVaidyanathai2].
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