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ABSTRACT

Multibit delta-sigmaconversionrequiresan internalDAC so ex-
traordinarilyaccuratethatsignalprocessingtomoveDAChardware-
mismatcherror outsidethe signalbandappearsnecessary. Here
theerror-shapingDACsreportedpreviously areshown mathemat-
ically to be specialcasesof a generalarchitectureconvenientfor
analysisandsimulation.

1 INTR ODUCTION

Multibit
���

conversion(bothD/A andA/D) requiresaDAC with
exceptionalin-bandprecision. Several recentdynamic-element-
matching DACsachieve this by dynamicallyenablingsubsetsof a
bank of simple one-bit subconvertersso that their summedout-
puts exhibit suppressedhardware-mismatcherror in the desired
band. The recentlypresented[1] error-shapingDAC architecture
of Fig. 1 (top) is shown hereto generalizethoseof bothSchreier
[2] andGalton[3]. Thelatterthenbecomeefficiently realizedspe-
cial casesof ageneralform convenientfor analysisandsimulation.

Thegeneralsystem,at the top of Fig. 1, is simple. If the al-
lowablesetof DAC inputvectors�����	� is 
 , thesetof permissible� valuesis precisely��
�
 , wherefor convenience��
 denotesthe
first row of � . If � 
�� ����������������� and 
 ����� �����! , for example,��" � 
 
 �#�$� ���������&%'� results,creatingan %)(*� level DAC
systemfrom % one-bitDACs.

The potential to suppresshardware errors is inherentin the
structure. Model the outputsof the % internal DACs as vector�,+.-/������0���(213��0�� ,wherenominallydiagonalpulsematrix +4��0�� and
error vector 15��0�� representthe dynamic(input-related)and stat-
ic characteristicsof the DACsrespectively andwherethemixed-
time convolution of +4��0�� andDAC input vector �����	� is givenby�,+6-7�8����0��'9�#:�;=< +4��0.>�? : �@�8�$?A� . Using BDC#9� � � �5EFC8�
for convenienceandsuppressingtime dependencefor brevity, the
systemoutputis G � � 
 �,+�-2�7(H13� � � 
 �,+I-2�KJMLNBO(H13� ��,��
M+P� JML �Q-�B'(D�!
81 , comprisingatermlinearin � , a termlinear
in E andan independentterm � 
 1 . We seekin the spectralband
of interestto have very little power in scalar � 
 13��0�� andvectorE����	� , in thelattercaseto make irrelevantany deviationsof matrix
pulse +4��0�� from its nominalcharacteristic.This givesthesystem
its robustnessto hardwareerrors.

Generatingswitching-vectorsequenceE����	� to have a shaped
spectrumis complicatedby requiringat each� that it be chosen
from anallowableset,dependenton input � ���R� , thatwill keep �
in theinput rangeof theDACs.To do this, themiddleandbottom
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Figure1: Generalizederror-shapingDAC (top),andwith two pos-
sibleswitching-vectorquantizationloops(middle,bottom).

systemsof Fig. 1 repeatthe top systemin streamlinednotation
with onenew aspect:

Generate E with an inputless
�e�

-style loop: De-
rive thequantizerinput by filtering eitherthequan-
tizeroutput E or thequantizationerror.

This loop and its topologyalreadyspecializesthe system. With
eitherloop shown, loop-filter LF largely determinesthespectrum
of the switchingvector, and the quantizer f \ mustquantizethe
loop-filter outputsuchthat � " 
 . The next sectionshows that
underreasonableassumptionsE mustlie in asubsetof a particular
latticewith an � -dependentoffset. Thespecializationsleadingto
theGaltonandSchreierspecialcasesareexploredsubsequently.

Thereareothergeneralmismatch-shapingarchitectures.The
systemof Hernandez[4] wasuniquein modelingcircuit constraints
(for example,KCL) onhardware-mismatcherrorsby confiningthe
latterto asubspace.Whetheror how this ideamightbeincorporat-
edinto thepresentsystem,whichis moregeneralin otherrespects,
remainsunexplored.ScholnikandColeman[5,6] incorporatethe
systemof [1] into amismatch-shapedsigma-deltaD/A systemand
therebygeneralizeon thepresentgeneralization.

The term “the DAC” below refersto the entire system,and
“eachDAC” (“DACs”) refersto one(all) subconverter(s). “DAC
input” refersto thesubconverters,with “systeminput” usedfor � .
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Figure2: Galton’s analysisstepfor two three-level DACs.

2 SWITCHING-VECT OR QUANTIZA TION

A simpleexample,basedon Galton’s system,will clarify thegoal
of thederivationto follow. Supposea Galtonswitchingblock [3],
ananalysisstepwith� JML � �k�l � ��m>n�po �
is constructedto producethree-level outputs.Figure2 shows how
signalinput �K" ��� ����� k ��q��sr/� resultsin DAC inputst3u " ��� ����� k �
accordingto a switchingsignal v whoserangeis dependenton � .
In Galton’s system,quantizationof v to theevenor odd integers,
accordingas � is evenor odd,first ensuresthat theDACsreceive
integer inputs,andtheresult is thenhardlimited in magnitudein
an � -dependentway. Galton’s oddintegers,of course,arejust the
evenintegersoffsetby one,andtheevenintegersarejust theinte-
gersscaledup (by two). Bothnotionsgeneralizebelow.

Begin by removing thelimiting step,that is, extendthesetof
allowableDAC input vectors� to anoffset lattice. For unit DAC
elements,theextensionis from ��� �����  to w  . This is analogous
to requiringthe � � ��v�� pair in Fig. 2 to beon the latticethat is the
obviousextensionof theninepointsshown. Moregenerally, let us
requirethat � JML B � � "yx w  (nz , wherez is anarbitraryoffset
vectorandwherenonsingularlattice-basismatrix x is technically
arbitrary, thoughin practiceit appearsto bealwaysdiagonal.

First determinethe setof allowable � valuesby splitting off
thefirst row of � with � 
I� �&�|{}� sothat B � �~� becomes� � � 
 � and E � { 
 � . This yieldsrequirement� " � ('� 
 z�� (1)� 9� � 
 x w� ��
For Galton’s system,x ��� , z ��� , and ��
 � ����������������� , sothe
requirementis thenjust ��" w . Someauthorsusetheoddintegers
for DAC inputs, so that x � k � and z 
 � �������������Q��� , and the
unsurprisingresult �I" k wK(�% emerges,limiting � to eitherthe
evensor theodds,dependingon % .

Fixing � in Fig. 2 restricts v to the evensor odds. To what� -dependentsetis vector E restrictedin general?Since(1) alsoap-
pliesfor thecase[5] of vector � andmatrix � , here� "}��� (with��� % ). The mathematical(engineering)versionof thesepar-
allel argumentsis simpler(lesssimple)but usesless-simple(sim-
pler) concepts.

Mathematical argument: The map w  ��&�/�>�� � is a lattice ho-
momorphismwith a sublatticekernel �7w  for someinte-
germatrix � . Thishomomorphismis onto,sofactorgroupw  	� �}w  is isomorphicto � . Lattice � ��� w � for some

generatormatrix � , so if thecolumnsof integermatrix �
map to the correspondingcolumnsof � , then �2��>��� � , where � " w � . Sublattice ��w � (of w � ) then
comprisescosetrepresentatives ��w  � �}w  5� . Fixing � �� ��(�� 
 z thenimplies E " { 
K� x �,����('�7w  ��(Kz8  ,
an � -dependentshift of offsetsublattice{ 
 � x �7w  (¡z�� .
In theGaltonexample,this sublatticewastheevens.

Engineeringargument: Prerequisites:(1) latticesarediscretesets,
closedunderaddition, of vectors,(2) a lattice in �  re-
quiresno morethan % basisvectors(integer coeffs), and
(3) integerbasisvectorsyield a sublatticeof w  .

Lattice � � ��
 x w  hasdimension
�

only andsocanbe
expressedas � �#� w � for somesquarematrix � . By
definitionof � , for every ¢ "I� thereis a vector £ " w  
with �!
 x £ � ¢ , so there is an %¥¤ � integer matrix� with �¦� � 
 x � . Since � 
 xR§ �©¨ is just §«ª� columnsof x 
���� , thesetof such§�" w  is closedunder
addition,is a sublatticeof w  , andis just �7w  for some
integermatrix � .

SupposeB � �=� x �,�2��(I�}¬@��(Kz � , with � " w � ,¬ " w  . Then � � x �,����(��7¬@��('z and(since � ���
M� � ��
 x ����(I��
 x �7¬­('�!
5z )� � � ��(�� 
 zE � { 
 � x �,����('�7¬j��(Kz � � (2)

Eachvalueof parameter� in (2) givesoneallowablevalue
for � anda classof allowablevectors E , with the within-
classchoicedeterminedby ¬ " w  .

Galton’stwo-stepquantization/limitingof scalarv in Fig.2 ex-
actly assignsto v thenearestelementof thesubsetdeterminedby
fixing � . But this nearest-neighboraspectdisappearswhenGal-
ton’s systemis viewed multidimensionally(%¯® k

). Further,
taking quantization/limitingasseparatestepsdoesnot appearto
generalizecleanlyto multiple dimensionsandarbitrary � .

Thereareotherapproaches.Section3.2 shows how rotation
of the decisionspacecan sometimesmake nearest-neighborde-
cisionsstraightforward, as in Schreier’s system. In [6], � and E
arequantizedjointly in a nearest-neighborsensewith a particular
noneuclideanmetric.

3 SPECIAL CASESOF THE GENERAL SYSTEM

Galton’scaseis developedfirst. A differentquantizationthenleads
throughincrementalspecializationto apreviousexample[1] of the
generalsystemandto Schreier’ssystem.

3.1 Galton’s System

Galton’s extraordinarilyhardware-efficient system[3] canbe de-
rivedfrom themiddlesystemof Fig. 1. First use� � l � ��°>n� o (3)

to implementtheanalysiswith ahardware“switchingblock” con-
trolling two DACs chosento be unit DAC elements acceptingin-
putsin �$� ����� . This createsanerror-shapedDAC acceptinginputs
in ��� ����� k � . Two suchthree-level DACs and anotherswitching
block can thenbe similarly combinedto form a five-level DAC.
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Ultimately a recursive treestructureresultswith
k � unit DAC el-

ementscontrolledby
k � >7� shapedswitchingsignalsto createan

outputwith
k � (�� levels.Thisentiretreeis equivalentto a larger

error-shapedDAC of thesametypecontrolling
k � unit DAC ele-

mentswith a
k � ¤ k � synthesismatrix � for which a recursion

relationis derivednext.
To derive Galton’s � matrix, supposefor conveniencethat

his intermediatesignalvariables� � <F± ²´³¶µ � ����������� k � J < � and
switchingsignals � v <F± ² ³�µ � ����������� k � J < � at a given level ?
in the treearearrangedinto signalandswitchingvectors � < 9�� � <F± L � � <F± i �������a� 
 and E < 9� �$v <�± L ��v <F± i ��������� 
 . Let systeminput� � � � andanalysis-stepoutput � � ��· . Signalvector � < is
thenrelatedto theinputsignal� andthevariousswitchingvectors
by somematrix transformation¸

¹¹¹º �E �
...E <�» L

¼Q½½½¾ � � < � < � (4)

Trivially, � � � � . For ? ��� , anexpansionof (4) mirroring a
bankof switchingblocksyieldsa recursionrelationfor � < ,¸
¹¹¹º �E �

...E <�» L
¼ ½½½¾

� <¿ ÀQÁ Â� l � <�» L ¨¨ � o l � �� > � o
¸º �RÃ �a� � ��RÃ � � � � ¼¾ � < �Á ÂQ¿ Àl � <�» LE <Q» L o

whereKronecker product Ã is usedto build apermutationmatrix.
Thesimple

� � � caseyields(3), andits inversegivesGal-
ton’s switching-blockequations.And for his

� � q example,

� �
¸
¹¹¹¹¹¹¹¹¹º
� � � � � � � �� � � �m>n�Ä>n�Ä>n�m>n�� �Ä>n�m>n� � � � �� � � � � �°>n�m>n��Ä>n� � � � � � �� � �m>n� � � � �� � � � �Ä>n� � �� � � � � � �°>n�

¼Q½½½½½½½½½¾ �
The rows areorthogonalbut thecolumnsarenot, so the fact that
theinverseis not thetransposeis no surprise:

� J�L � �Å
¸
¹¹¹¹¹¹¹¹¹º
� � k � r � � �� � k � >Rr � � �� �Ä> k � � r � �� �Ä> k � � >Rr � ��°>n� � k � � r ��°>n� � k � � >Rr ��°>n� � > k � � � r�°>n� � > k � � � >Rr

¼ ½½½½½½½½½¾ �
3.2 An Alter native to Quantizer f2Æ
Generatingthe loop-filter input using E � { 
 � , as in Fig. 3,
bringstheanalysisstepinto the loop andallows thequantization
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Figure3: Thetwo lowersystemsof Fig. 1 with pre-analysisquan-
tizationreplacedwith post-analysisquantization.

to be moved to the DAC inputs. Now quantizer f Ç can direct-
ly placethe necessarylimitations on � without the complication
of an interveningmatrix transformation.However, f Ç mustnow
constrain� 
 � � � 
MË to ensurethat it doesnot disturbthe rela-
tion between� and � . Because� canbeobtainedfrom Ë , it is no
longerstrictly neededby thequantizerdirectly. Now specialize:

Nearest-neighborquantization: Choose� accept-
ablyto theDACsandsuchthat Ì��Í> Ë Ì is minimized
undertheconstraint� 
 � � � 
�Ë .

Thisdecisionruleisespeciallysimpleif oneextraconditionismet.
Supposethatunderthe ��
M� � ��
 Ë constraintÌ���Ì is independent
of thechoiceof � . In thatcaseÌF�Î> Ë Ì i � ÌF��Ì i > k Ë�
 �.(KÌ Ë Ì i
is affectedonly in thecrosstermby thechoiceof � , sochoosing� to maximizeË 
M� (undertheconstraint)minimizes Ì��¡> Ë Ì .

Output the sum of the outputs of binary DACs:
Use � 
�� ����������������� for synthesiswith nominally
identicalDACswith two-valuedoutputs.

Supposethat constraint � 
 � � � fixes ÌF��Ì i by requiring � to
contain��Ï and� Æ elementsequalto its largerandsmallersubcon-
verteroutputvaluesÐ�Ï and Ð8Æ respectively. Aligning thesewith
the � Ï and� Æ largestandsmallestelementsof Ë maximizesË 
�� .
In thissystem[1], thenearest-neighborrule reducesto identifying
the ��Ï largestelementsof Ë .

3.3 Schreier’sSystem

The specializationthatwill next move us towardsSchreier’s sys-
temalsosimplifiedthespectralanalysisin [1].

Orthogonal analysis matrix. Given � as above,
choose{ sothat LÑ  � is orthogonal.

Analysis-matrixorthogonalityleadsto [1]G���0�� � ��Ò�- � ����0��/( �% �,� 
MÓ {Ô-nE�����0��/('� 
 13��0��$� (5)

where Ó ��0�� 9� +4��0��M>�Ò¶��0�� � with scalarpulseÒ¶��0�� definedasthe
entiresystem’s E ��� unit-sampleresponse.Matrix Ó ��0�� captures
theDACs’ output-level mismatch,statictiming errors,frequency-
responsedifferences,andcrosstalk.Matrix LÑ  � is orthogonal,

so � J�L � L �7
 � L �,�Õ{}� .
Err or-feedbackloop. Useaninputlesserror-feedback
sigma-deltaloop to generateE .
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Figure4: Incorporationof analysis-matrixorthogonality(top), a
scalar(sphericallysymmetric)loop-filter(middle),andsimplifica-
tionsinto thebottomsystemof Fig. 3.

This specializesthe lower diagramin Fig. 3 to the top diagram
of Fig. 4. Unpredictablehardwareimpulse-responseerrormatrixÓ ��0�� determines� 
 Ó ��0��,{ andhencethevectordirection(s)along
whichthespectralcontentof E���0�� in (5) mustbesuppressed,sothe
systemshown uses.. .

spherically symmetric loop filtering . Let theloop-
filter transfermatrixbeascalartransferfunctiontimes
anidentitymatrix.

This allows the loop filter to commutewith its neighbor, result-
ing in the middle systemof Fig. 4. Somecomputationalsavings
resultsfrom precomputing{D{~
 , but since { is not square,the
dimensionalityof the loop filter alsoincreases.Better, eliminate{ entirelyby using % �.� � 
 � � �F� 
 (H{D{ 
 in theanalysis
block in the form of {D{ 
 � % � >H��� 
 , yielding the far more-
efficientbottomsystemof Fig. 4. All orthogonalanalysismatrices
with thedesiredfirst columnleadto thesamesystem!

Structurally, theloopnow resemblesthatof thebottomsystem
of Fig. 1, exceptthattheupperpathhasbeenadded,replacingthe
componentof thequantizerinput alongunit vector LÑ  � by input� �!Ö % . The outputof the loop filter alongthat directionis now
completelyirrelevant,loweringthedimensionalityof theloop.

In fact,theonly relevancy ever of the LÑ  � componentof the

input to thequantizerwasin providing the latterwith ��
 Ë � � ,
to which it canfix thenumberof high outputvaluesof theDACs
to enforcethe quantizationconstraint. But � could just as well
beprovidedto thequantizationalgorithmassideinformation.TheLÑ  � componentof thequantizerinputwouldthenbeirrelevant,as
it canonly shift everycomponentof Ë equallyandsocannotaffect
the rankorderingusedin thequantization.This side-information
approachis taken by Schreier. Figure5 is the bottomsystemof
Fig. 4 redrawn with annotationsshowing the changesthat pro-
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Figure 5: The modificationsrequiredof the bottom systemof
Fig. 4 to produceSchreier’ssystem.

duceSchreier’s systemexactly. Side information is provided to
thequantizer, andotherchangesaffect thesignalsin the loop on-
ly alongthe irrelevant LÑ  � direction. Theseconvenientchanges

shift the LÑ  � common-modecomponentof varioussignals,par-
ticularly inside the loop filter but produceinput-outputbehavior
identical to the bottomFig. 4 system.This behavior canbe ana-
lyzedusingthesystemof Fig. 1 andtheappropriatematrix � .

4 SUMMAR Y

A singlesystembasedon vectorsignals,matrix transformations,
andDACelementswith arbitraryimpulseresponseshasbeenshown
hereto be mathematicallyequivalent in variousspecialcasesto
threepublishederror-shapingDAC architectures[1–3]. The fact
thatthesearchitecturesarerealizationsof this unifiedsystemsug-
geststhatthe lattercouldresultin evenmoredistinctrealizations,
possiblyimprovedones.Meanwhile,it providesacommonframe-
work for simulationandanalysis.
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