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ABSTRACT

Multibit delta-sigmacorversionrequiresan internal DAC so ex-

traordinarilyaccuratehatsignalprocessingo move DAC hardwvare-

mismatcherror outsidethe signalbandappearsnecessary Here
theerrorshapingDACsreportedpreviously areshavn mathemat-
ically to be specialcasesof a generalarchitectureconvenientfor
analysisandsimulation.

1 INTRODUCTION

Multibit AY: conversion(bothD/A andA/D) requiresa DAC with
exceptionalin-band precision. Several recentdynamic-element-
matching DACsachieve this by dynamicallyenablingsubset®f a
bank of simple one-bitsubcorertersso that their summedout-
puts exhibit suppressedhardware-mismatcherror in the desired
band. Therecentlypresentedl] errorshapingDAC architecture
of Fig. 1 (top) is shavn hereto generalizehoseof both Schreier
[2] andGalton[3]. Thelatterthenbecomeefficiently realizedspe-
cial case®f ageneraform corvenientfor analysisandsimulation.

The generalsystem,at the top of Fig. 1, is simple. If theal-
lowablesetof DAC inputvectorsv(n) is V, thesetof permissible
x valuesis preciselyr” V, wherefor corveniencer” denoteshe
firstrow of A. If r¥ = (1,...,1) andV = {0, 1}" for example,
z € v’V = {0,..., N} results,creatingan N + 1 level DAC
systemfrom N one-bitDACs.

The potentialto suppresshardware errorsis inherentin the
structure. Model the outputsof the IV internal DACs as vector
(P*v)(t)+e(t), wherenominallydiagonalpulsematrix P (¢) and
error vector e(t) representhe dynamic (input-related)and stat-
ic characteristicef the DACsrespectiely andwherethe mixed-
time corvolution of P(¢) andDAC inputvectorv(n) is given by
(P*v)(t) & TS, P(t — kT)v(k). Usingw™ £ (z,s")
for corvenienceandsuppressingime dependencéor brevity, the
systemoutputisy = r’ (Pxv+e) =r (Px A" 'w 4 e) =
(r"PA ") xw +r” e, comprisingatermlinearin z, atermlinear
in s andanindependentermrTe. We seekin the spectralband
of interestto have very little power in scalarr” e(t) and vector
s(n), in thelatter caseto male irrelevantary deviationsof matrix
pulseP(t) from its nominalcharacteristic.This givesthe system
its robustnesdo hardwareerrors.

Generatingswitching-\ectorsequence(n) to have a shaped
spectrumis complicatedby requiring at eachn thatit be chosen
from anallowable set,dependenon input z(n), thatwill keepv
in theinputrangeof the DACs. To dothis, the middle andbottom
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Figurel: GeneralizecrrorshapingDAC (top), andwith two pos-
sible switching-\ectorquantizationoops(middle, bottom).

systemsof Fig. 1 repeatthe top systemin streamlinednotation
with onenew aspect:

Generates with an inputless AX-style loop: De-
rive the quantizerinput by filtering eitherthe quan-
tizer outputs or the quantizatiorerror.

This loop and its topology alreadyspecializeghe system. With
eitherloop shavn, loop-filter LF largely determineghe spectrum
of the switching vector andthe quantizerQs mustquantizethe
loop-filter outputsuchthatv € V. The next sectionshaws that
underreasonablassumptions mustlie in asubsebf a particular
lattice with an z-dependenbffset. The specializationdeadingto
the GaltonandSchreierspecialcasesreexploredsubsequently

Thereare othergeneralmismatch-shapingrchitecturesThe
systenof Hernande#4] wasuniguein modelingcircuit constraints
(for example KCL) onhardware-mismatclerrorsby confiningthe
latterto asubspaceWhetheror how thisideamightbeincorporat-
edinto thepresensystemwhichis moregenerain otherrespects,
remainsunexplored. ScholnikandColeman[5, 6] incorporatethe
systemof [1] into amismatch-shapesigma-deltdD/A systemand
therebygeneralizeon the presengeneralization.

The term “the DAC” belawv refersto the entire system,and
“eachDAC” (“DACSs") refersto one (all) subconerter(s). “DAC
input” refersto the subconerters,with “systeminput” usedfor z.
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Figure2: Galtons analysisstepfor two three-lerel DACs.

2 SWITCHING-VECT OR QUANTIZA TION

A simpleexample,basedon Galton’s systemwill clarify thegoal
of thederwationto follow. Suppose Galtonswitchingblock [3],
ananalysisstepwith
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is constructedo producethree-level outputs.Figure2 shavs how
signalinputz € {0, 1,2, 3,4} resultsn DAC inputsv; € {0, 1,2}
accordingto a switchingsignals whoserangeis dependenon x.
In Galton’s system,quantizationof s to the even or odd integers,
accordingasz is evenor odd, first ensureghatthe DACsreceve
integerinputs,andtheresultis thenhardlimited in magnitudein
anz-dependentvay. Galton’s oddintegers,of course arejustthe
evenintegersoffsetby one,andthe evenintegersarejusttheinte-
gersscaledup (by two). Both notionsgeneralizebelow.

Begin by removing thelimiting step,thatis, extendthe setof
allowable DAC input vectorsv to an offsetlattice. For unit DAC
elementsthe extensionis from {0, 1} to Z". Thisis analogous
to requiringthe (x, s) pairin Fig. 2 to beon the lattice thatis the
olviousextensionof thenine pointsshavn. More generallylet us
requirethatA ~'w = v € TZ" +~, wherey is anarbitraryoffset
vectorandwherenonsinguladattice-basisnatrix I is technically
arbitrary thoughin practiceit appearso be alwaysdiagonal.

First determinethe setof allowable z valuesby splitting off
thefirst row of A with A” = (r R) sothatw = Av becomes
z =rTv ands = RTv. Thisyieldsrequirement

X

X
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For Galtons systemI' = I, v = 0, andr? = (1,...,1), sothe
requirements thenjustz € Z. Someauthorsusethe oddintegers
for DAC inputs,sothatT’ = 2I and~7 = (1,...,1), andthe
unsurprisingesultz € 2Z + N emepes,limiting x to eitherthe
evensor theodds,dependingpn N.

Fixing = in Fig. 2 restrictss to the evensor odds. To what
x-dependensetis vectors restrictedn generalSince(1) alsoap-
pliesfor thecas€5] of vectorx andmatrixr, herex € RM (with
M < N). The mathematicalengineeringlersionof thesepar
allel algumentss simpler (lesssimple)but usedess-simplgsim-
pler) concepts.

Mathematical argument: The mapZ™ rT—r> X is a lattice ho-
momorphismwith a sublatticekernelDZY for someinte-
germatrix D. This homomorphisnis onto,sofactorgroup
Z~ /DZ" isisomorphicto X. LatticeX = CZ™ for some

generatomatrix C, soif the columnsof integer matrix B
mapto the correspondingcolumnsof C, thenBm —
Cm, wherem € ZM. SublatticeBZ™ (of ZM) then
comprisescosetrepresentaties [Z” /DZY]. Fixing x =
Cm + r”y thenimpliess € R" (I'(Bm + DZ") + ),
anx-dependenshift of offsetsublatticeRT (T DZY + ).
In the Galtonexample this sublatticewasthe evens.

Engineeringargument: Prerequisites(l) latticesarediscretesets,
closedunderaddition, of vectors,(2) a lattice in RY re-
quiresno morethan N basisvectors(integer coefs), and
(3) integerbasisvectorsyield a sublatticeof Z .

LatticeX = rTT'Z" hasdimension)M only andsocanbe
expressecas X = CZ™ for somesquarematrix C. By
definition of X, for every ¢ € X thereis avectorb € Z%
with rIT'b = ¢, sothereisan N x M integer matrix
B with C = r’TI'B. Sincer’I'd = 0isjustd L
{columnsof I'T'r}, thesetof suchd € Z” is closedunder
addition, is a sublatticeof Z~, andis just DZ" for some
integermatrix D.

Supposew = A [['(Bm + Dz) + 1], with m € Z",
z € ZV. Thenv = I' (Bm + Dz) + v and(sincex =
r"v=r"I'Bm + r"T'Dz +r"~)

x = Cm—|—rTfy

s = RT[I(Bm+ Dz)+4]. )

Eachvalueof parametein in (2) givesoneallowablevalue
for x anda classof allowable vectorss, with the within-
classchoicedeterminedy z € ZV.

Galton'stwo-stepguantization/limitingof scalars in Fig. 2 ex-
actly assigngo s the neareselementof the subseteterminecby
fixing x. But this nearest-neighbaaspectdisappearsvhen Gal-
ton’s systemis viewed multidimensionally(N > 2). Further
taking quantization/limitingas separatestepsdoesnot appearo
generalizecleanlyto multiple dimensionsaandarbitrary A.

ThereareotherapproachesSection3.2 shavs how rotation
of the decisionspacecan sometimeamale nearest-neighbaode-
cisionsstraightforvard, asin Schreiers system. In [6],  ands
arequantizedointly in a nearest-neighbmensewith a particular
noneuclideametric.

3 SPECIAL CASESOF THE GENERAL SYSTEM

Galtonscases developedfirst. A differentquantizatiorthenleads
throughincrementabpecializatiorio apreviousexample[1] of the
generakystemandto Schreiers system.

3.1 Galton’s System

Galton’s extraordinarily hardware-eficient system[3] canbe de-
rived from themiddle systemof Fig. 1. Firstuse

a=(1 ) @

to implementtheanalysiswith a hardware“switching block” con-
trolling two DACs chosento be unit DAC elements acceptingin-
putsin {0, 1}. This createsanerrorshapedAC acceptingnputs
in {0,1,2}. Two suchthree-leel DACs and anotherswitching
block canthen be similarly combinedto form a five-level DAC.



Ultimately a recursve treestructureresultswith 2 unit DAC el-
ementontrolledby 2 — 1 shapedwitchingsignalsto createan
outputwith 2™ + 1 levels. This entiretreeis equivalentto alarger
errorshapeAC of the sametype controlling2™ unit DAC ele-
mentswith a2 x 2™ synthesisnatrix A for which a recursion
relationis derived next.

To derive Galtons A matrix, supposefor corveniencethat
his intermediatesignalvariables{zy - : 7 = 1,...,2" %} and
switchingsignals{sy , : » = 1,...,2"=*} atagivenlevel k
in the tree are arrangednto signal and switching vectorsx, 2
(Tr1, Ths--)T andsg 2 (sk1, sk.2,...)T. Let systeminput
x = xp andanalysis-steputputv = xo. Signalvectorxy, is
thenrelatedto theinputsignalz andthevariousswitchingvectors
by somematrix transformation

= kak- (4)
Sk+1

Trivially, Bas = 1. For k < M, anexpansionof (4) mirroring a
bankof switchingblocksyieldsarecursiornrelationfor By,
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whereKronecler product® is usedto build a permutationmatrix.

Thesimple M = 1 caseyields(3), andits inversegives Gal-
ton’s switching-blockequationsAnd for his M = 3 example,

o1 1 1 11 11
1 1 1 1 -1 -1 -1 -1
1 1 -1 -1 0 0 0 0
R N T B S
1 -1 0 0 0 0 0 0
o 0 1 -1 0 0 0 0
0O 0 0 0 1 -1 0 0
o 0 0 0 0 0 1 -1

The rows areorthogonalbut the columnsarenot, sothe factthat
theinverseis notthetransposés no surprise:

1 1 2 0 4 0 0 0
1 1 2 0 -4 0 0 0

1 1 -2 0 0 4 0 0
Attt 12 0 0 -4 0 0
“8l1 -1 0 2 0 0 4 0

1 -1 0 2 0 0 -4 0

1 -1 0 -2 0 0 0 4

1 -1 0 -2 0 0 0 —4

3.2 An Alter native to Quantizer Q;

Generatingthe loop-filter input usings = R”v, asin Fig. 3,
bringsthe analysisstepinto the loop andallows the quantization

Figure3: Thetwo lower systemf Fig. 1 with pre-analysigjuan-
tizationreplacedwith post-analysigjuantization.

to be moved to the DAC inputs. Now quantizerQ. candirect-
ly placethe necessaryimitations on v without the complication
of aninterveningmatrix transformation.However, Q. mustnown
constrainr’v = rTu to ensurethatit doesnot disturbthe rela-
tion betweenr andv. Becauser canbe obtainedfrom u, it is no
longerstrictly neededy the quantizerdirectly. Now specialize:

Nearest-neighborquantization: Choosev accept-
ablyto theDACsandsuchthat||v —ul|| is minimized
undertheconstrainte”v = rTu.

Thisdecisiorruleis especiallysimpleif oneextraconditionis met.
Supposghatunderther” v = r”u constraint|v|| is independent
of thechoiceof v. In thatcasel|v —u||> = ||v||? —2u”v + ||u|
is affectedonly in the crossterm by the choiceof v, sochoosing
v to maximizeu” v (underthe constraintyminimizes||v — ul].

Output the sum of the outputs of binary DACs:
User” = (1,...,1) for synthesiswith nominally
identicalDACswith two-valuedoutputs.

Supposehat constraintr” v = z fixes||v||? by requiringv to

containn, andn elementequalto its largerandsmallersubcon-
verteroutputvalues3, and 3; respectiely. Aligning thesewith

then, andn, largestandsmallestlementof u maximizesu”v.

In this systen1], the nearest-neighbaule reducego identifying

then, largestelementof u.

3.3 Schreier's System

The specializatiorthatwill next move ustowardsSchreiers sys-
temalsosimplifiedthe spectralanalysisin [1].

Orthogonal analysis matrix. Given r as above,
chooseR sothat \}—ﬁA is orthogonal.

Analysis-matrixorthogonalityleadsto [1]
y(t) = x)(0) + (T QR 8)(0) +xTe(r),  (5)

whereQ(t) 2 P(t) — p(t)I with scalarpulsep(t) definedasthe
entiresystemss = 0 unit-sampleaesponseMatrix Q(¢) captures
the DACs’ output-level mismatch statictiming errors,frequeng-

responsalifferencesand crosstalk. Matrix ﬁA is orthogonal,

SOA™'=LAT=1(r R).

Err or-feedbackloop. Useaninputlessrrorfeedback
sigma-deltdoop to generates.
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Figure 4: Incorporationof analysis-matrixorthogonality(top), a
scalarn(sphericallysymmetric)loop-filter (middle),andsimplifica-
tionsinto the bottomsystemof Fig. 3.

This specializeghe lower diagramin Fig. 3 to the top diagram
of Fig. 4. Unpredictablehardwareimpulse-responserror matrix
Q(t) determines” Q(¢)R andhencethevectordirection(s)along
whichthespectratontentof s(¢) in (5) mustbesuppressedothe
systemshawvn uses. .

spherically symmetric loop filtering . Let theloop-
filter transfematrix beascalattransfeffunctiontimes
anidentity matrix.

This allows the loop filter to commutewith its neighboy result-
ing in the middle systemof Fig. 4. Somecomputationakarings
resultsfrom precomputingRR”, but sinceR is not square the
dimensionalityof the loop filter alsoincreases Better eliminate
R entirelyby usingNI = ATA = rr” + RR” in theanalysis
blockin the form of RR” = NI — rr”, yielding the far more-
efficientbottomsystemof Fig. 4. All orthogonaknalysismatrices
with thedesiredirst columnleadto the samesystem!
Structurally theloop now resembleshatof thebottomsystem
of Fig. 1, exceptthattheupperpathhasbeenadded replacingthe
componenbf the quantizerinput alongunit vector\/%r by input

z/v/N. The outputof the loop filter alongthat directionis now
completelyirrelevant,loweringthe dimensionalityof theloop.

In fact,the only relevang ever of the \/Lﬁr componenbf the

input to the quantizerwasin providing the latterwith rTu = z,
to which it canfix the numberof high outputvaluesof the DACs
to enforcethe quantizationconstraint. But = could just aswell
beprovidedto thequantizatioralgorithmassideinformation. The
\}—Nr componenbf thequantizeinputwouldthenbeirrelevant,as
it canonly shift every componenof u equallyandsocannotaffect
therank orderingusedin the quantization.This side-information
approachis taken by Schreier Figure5 is the bottom systemof
Fig. 4 redravn with annotationsshaving the changesthat pro-

N min(-)

Figure 5: The modificationsrequiredof the bottom systemof
Fig. 4 to produceSchreiers system.

duce Schreiers systemexactly. Side informationis provided to
the quantizer andotherchangesaffect the signalsin theloop on-
ly alongtheirrelevant ﬁr direction. Theseconvenientchanges

shift the LNr common-modeomponenbf varioussignals,par
ticularly inside the loop filter but produceinput-outputbehaior
identicalto the bottomFig. 4 system. This behaior canbe ana-
lyzed usingthe systemof Fig. 1 andthe appropriatematrix A.

4 SUMMARY

A single systembasedon vector signals,matrix transformations,
andDAC elementsvith arbitraryimpulseresponsebasbeenshavn
hereto be mathematicallyequivalentin various specialcasesto
threepublishederrorshapingDAC architecture§1-3]. The fact
thatthesearchitecturesrerealizationsof this unified systemsug-
geststhatthe lattercouldresultin even moredistinctrealizations,
possiblyimprovedones.Meanwhile,it providesacommonframe-
work for simulationandanalysis.
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