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ABSTRACT

Multibit delta-sigma conversion requires an internal DAC so ex-
traordinarily accurate that signal processing to move DAC hardware-
mismatch error outside the signal band appears necessary. Here
the error-shaping DACs reported previously are shown mathemat-
ically to be special cases of a general architecture convenient for
analysis and simulation.

1 INTRODUCTION

Multibit ∆Σ conversion (both D/A and A/D) requires a DAC with
exceptional in-band precision. Several recentdynamic-element-
matchingDACs achieve this by dynamically enabling subsets of a
bank of simple one-bit subconverters so that their summed out-
puts exhibit suppressed hardware-mismatch error in the desired
band. The recently presented [1] error-shaping DAC architecture
of Fig. 1 (top) is shown here to generalize those of both Schreier
[2] and Galton [3]. The latter then become efficiently realized spe-
cial cases of a general form convenient for analysis and simulation.

The general system, at the top of Fig. 1, is simple. If the al-
lowable set of DAC input vectorsv(n) isV, the set of permissible
x values is preciselyrTV, where for conveniencerT denotes the
first row of A. If rT = (1, . . . , 1) andV = {0, 1}N, for example,
x ∈ rTV = {0, . . . , N} results, creating anN + 1 level DAC
system fromN one-bit DACs.

The potential to suppress hardware errors is inherent in the
structure. Model the outputs of theN internal DACs as vector
(P?v)(t)+e(t), where nominally diagonal pulse matrixP(t) and
error vectore(t) represent the dynamic (input-related) and stat-
ic characteristics of the DACs respectively and where the mixed-
time convolution ofP(t) and DAC input vectorv(n) is given by

(P ? v)(t)
∆
= T

∑
k P(t − kT ) v(k). Using wT ∆

= (x, sT)
for convenience and suppressing time dependence for brevity, the
system output isy = rT (P ? v + e) = rT (P ? A−1w + e) =
(rTPA−1)?w+rT e, comprising a term linear inx, a term linear
in s and an independent termrT e. We seek in the spectral band
of interest to have very little power in scalarrT e(t) and vector
s(n), in the latter case to make irrelevant any deviations of matrix
pulseP(t) from its nominal characteristic. This gives the system
its robustness to hardware errors.

Generating switching-vector sequences(n) to have a shaped
spectrum is complicated by requiring at eachn that it be chosen
from an allowable set, dependent on inputx(n), that will keepv
in the input range of the DACs. To do this, the middle and bottom
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Figure 1: Generalized error-shaping DAC (top), and with two pos-
sible switching-vector quantization loops (middle, bottom).

systems of Fig. 1 repeat the top system in streamlined notation
with one new aspect:

Generates with an inputless ∆Σ-style loop: De-
rive the quantizer input by filtering either the quan-
tizer outputs or the quantization error.

This loop and its topology already specializes the system. With
either loop shown, loop-filter LF largely determines the spectrum
of the switching vector, and the quantizerQs must quantize the
loop-filter output such thatv ∈ V. The next section shows that
under reasonable assumptionss must lie in a subset of a particular
lattice with anx-dependent offset. The specializations leading to
the Galton and Schreier special cases are explored subsequently.

There are other general mismatch-shaping architectures. The
system of Hernandez [4] was unique in modeling circuit constraints
(for example, KCL) on hardware-mismatch errors by confining the
latter to a subspace. Whether or how this idea might be incorporat-
ed into the present system, which is more general in other respects,
remains unexplored. Scholnik and Coleman [5, 6] incorporate the
system of [1] into a mismatch-shaped sigma-delta D/A system and
thereby generalize on the present generalization.

The term “the DAC” below refers to the entire system, and
“each DAC” (“DACs”) refers to one (all) subconverter(s). “DAC
input” refers to the subconverters, with “system input” used forx.
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Figure 2: Galton’s analysis step for two three-level DACs.

2 SWITCHING-VECTOR QUANTIZATION

A simple example, based on Galton’s system, will clarify the goal
of the derivation to follow. Suppose a Galton switching block [3],
an analysis step with

A−1 =
1

2

(
1 1
1 −1

)
,

is constructed to produce three-level outputs. Figure 2 shows how
signal inputx ∈ {0, 1, 2, 3, 4} results in DAC inputsvi ∈ {0, 1, 2}
according to a switching signals whose range is dependent onx.
In Galton’s system, quantization ofs to the even or odd integers,
according asx is even or odd, first ensures that the DACs receive
integer inputs, and the result is then hard limited in magnitude in
anx-dependent way. Galton’s odd integers, of course, are just the
even integers offset by one, and the even integers are just the inte-
gers scaled up (by two). Both notions generalize below.

Begin by removing the limiting step, that is, extend the set of
allowable DAC input vectorsv to an offset lattice. For unit DAC
elements, the extension is from{0, 1}N to ZN . This is analogous
to requiring the(x, s) pair in Fig. 2 to be on the lattice that is the
obvious extension of the nine points shown. More generally, let us
require thatA−1w = v ∈ ΓZN+γ, whereγ is an arbitrary offset
vector and where nonsingular lattice-basis matrixΓ is technically
arbitrary, though in practice it appears to be always diagonal.

First determine the set of allowablex values by splitting off
the first row ofA with AT = (r R) so thatw = Av becomes
x = rTv ands = RTv. This yields requirement

x ∈ X+ rT γ, (1)

X
∆
= rTΓZN .

For Galton’s system,Γ = I, γ = 0, andrT = (1, . . . , 1), so the
requirement is then justx ∈ Z. Some authors use the odd integers
for DAC inputs, so thatΓ = 2I andγT = (1, . . . , 1), and the
unsurprising resultx ∈ 2Z + N emerges, limitingx to either the
evens or the odds, depending onN .

Fixing x in Fig. 2 restrictss to the evens or odds. To what
x-dependent set is vectors restricted in general? Since (1) also ap-
plies for the case [5] of vectorx and matrixr, herex ∈ RM (with
M < N ). The mathematical (engineering) version of these par-
allel arguments is simpler (less simple) but uses less-simple (sim-
pler) concepts.

Mathematical argument: The mapZN
rTΓ−→ X is a lattice ho-

momorphism with a sublattice kernelDZN for some inte-
ger matrixD. This homomorphism is onto, so factor group
Z
N/DZN is isomorphic toX. LatticeX = CZM for some

generator matrixC, so if the columns of integer matrixB
map to the corresponding columns ofC, thenBm −→
Cm, wherem ∈ Z

M . SublatticeBZM (of ZM ) then
comprises coset representatives[ZN/DZN ]. Fixing x =
Cm + rT γ then impliess ∈ RT

(
Γ(Bm + DZN ) + γ

)
,

anx-dependent shift of offset sublatticeRT (ΓDZN + γ).
In the Galton example, this sublattice was the evens.

Engineering argument: Prerequisites: (1) lattices are discrete sets,
closed under addition, of vectors, (2) a lattice inRN re-
quires no more thanN basis vectors (integer coeffs), and
(3) integer basis vectors yield a sublattice ofZN .

LatticeX = rTΓZN has dimensionM only and so can be
expressed asX = CZM for some square matrixC. By
definition ofX, for everyc ∈ X there is a vectorb ∈ ZN
with rTΓb = c, so there is anN × M integer matrix
B with C = rTΓB. SincerTΓd = 0 is just d ⊥
{columns ofΓT r}, the set of suchd ∈ ZN is closed under
addition, is a sublattice ofZN , and is justDZN for some
integer matrixD.

Supposew = A [Γ (Bm + Dz) + γ], with m ∈ ZM ,
z ∈ ZN . Thenv = Γ (Bm + Dz) + γ and (sincex =
rTv = rTΓBm + rTΓDz + rT γ)

x = Cm + rT γ

s = RT [Γ (Bm + Dz) + γ] . (2)

Each value of parameterm in (2) gives one allowable value
for x and a class of allowable vectorss, with the within-
class choice determined byz ∈ ZN .

Galton’s two-step quantization/limiting of scalars in Fig. 2 ex-
actly assigns tos the nearest element of the subset determined by
fixing x. But this nearest-neighbor aspect disappears when Gal-
ton’s system is viewed multidimensionally (N > 2). Further,
taking quantization/limiting as separate steps does not appear to
generalize cleanly to multiple dimensions and arbitraryA.

There are other approaches. Section 3.2 shows how rotation
of the decision space can sometimes make nearest-neighbor de-
cisions straightforward, as in Schreier’s system. In [6],x ands
are quantized jointly in a nearest-neighbor sense with a particular
noneuclidean metric.

3 SPECIAL CASES OF THE GENERAL SYSTEM

Galton’s case is developed first. A different quantization then leads
through incremental specialization to a previous example [1] of the
general system and to Schreier’s system.

3.1 Galton’s System

Galton’s extraordinarily hardware-efficient system [3] can be de-
rived from the middle system of Fig. 1. First use

A =

(
1 1
1 −1

)
(3)

to implement the analysis with a hardware “switching block” con-
trolling two DACs chosen to beunit DAC elementsaccepting in-
puts in{0, 1}. This creates an error-shaped DAC accepting inputs
in {0, 1, 2}. Two such three-level DACs and another switching
block can then be similarly combined to form a five-level DAC.
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Ultimately a recursive tree structure results with2M unit DAC el-
ements controlled by2M −1 shaped switching signals to create an
output with2M + 1 levels. This entire tree is equivalent to a larger
error-shaped DAC of the same type controlling2M unit DAC ele-
ments with a2M × 2M synthesis matrixA for which a recursion
relation is derived next.

To derive Galton’sA matrix, suppose for convenience that
his intermediate signal variables{xk,r : r = 1, . . . , 2M−k} and
switching signals{sk,r : r = 1, . . . , 2M−k} at a given levelk

in the tree are arranged into signal and switching vectorsxk
∆
=

(xk,1, xk,2, . . .)
T andsk

∆
= (sk,1, sk,2, . . .)

T . Let system input
x = xM and analysis-step outputv = x0. Signal vectorxk is
then related to the input signalx and the various switching vectors
by some matrix transformation

x
sM

...
sk+1

 = Bkxk. (4)

Trivially, BM = 1. Fork < M , an expansion of (4) mirroring a
bank of switching blocks yields a recursion relation forBk,


x

sM
...

sk+1



Bk︷ ︸︸ ︷
=

(
Bk+1 0

0 I

)(
I I
I −I

) I⊗ [1 0]

I⊗ [0 1]

xk,

︸ ︷︷ ︸(
xk+1

sk+1

)
where Kronecker product⊗ is used to build a permutation matrix.

The simpleM = 1 case yields (3), and its inverse gives Gal-
ton’s switching-block equations. And for hisM = 3 example,

A =



1 1 1 1 1 1 1 1
1 1 1 1 −1 −1 −1 −1
1 1 −1 −1 0 0 0 0
0 0 0 0 1 1 −1 −1
1 −1 0 0 0 0 0 0
0 0 1 −1 0 0 0 0
0 0 0 0 1 −1 0 0
0 0 0 0 0 0 1 −1


.

The rows are orthogonal but the columns are not, so the fact that
the inverse is not the transpose is no surprise:

A−1 =
1

8



1 1 2 0 4 0 0 0
1 1 2 0 −4 0 0 0
1 1 −2 0 0 4 0 0
1 1 −2 0 0 −4 0 0
1 −1 0 2 0 0 4 0
1 −1 0 2 0 0 −4 0
1 −1 0 −2 0 0 0 4
1 −1 0 −2 0 0 0 −4


.

3.2 An Alternative to Quantizer Qs

Generating the loop-filter input usings = RTv, as in Fig. 3,
brings the analysis step into the loop and allows the quantization
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Figure 3: The two lower systems of Fig. 1 with pre-analysis quan-
tization replaced with post-analysis quantization.

to be moved to the DAC inputs. Now quantizerQv can direct-
ly place the necessary limitations onv without the complication
of an intervening matrix transformation. However,Qv must now
constrainrTv = rTu to ensure that it does not disturb the rela-
tion betweenx andv. Becausex can be obtained fromu, it is no
longer strictly needed by the quantizer directly. Now specialize:

Nearest-neighbor quantization:Choosev accept-
ably to the DACs and such that‖v−u‖ is minimized
under the constraintrTv = rTu.

This decision rule is especially simple if one extra condition is met.
Suppose that under therTv = rTu constraint‖v‖ is independent
of the choice ofv. In that case‖v−u‖2 = ‖v‖2−2uTv+‖u‖2
is affected only in the cross term by the choice ofv, so choosing
v to maximizeuTv (under the constraint) minimizes‖v − u‖.

Output the sum of the outputs of binary DACs:
UserT = (1, . . . , 1) for synthesis with nominally
identical DACs with two-valued outputs.

Suppose that constraintrTv = x fixes ‖v‖2 by requiringv to
containn` andns elements equal to its larger and smaller subcon-
verter output valuesβ` andβs respectively. Aligning these with
then` andns largest and smallest elements ofu maximizesuTv.
In this system [1], the nearest-neighbor rule reduces to identifying
then` largest elements ofu.

3.3 Schreier’s System

The specialization that will next move us towards Schreier’s sys-
tem also simplified the spectral analysis in [1].

Orthogonal analysis matrix. Given r as above,
chooseR so that 1√

N
A is orthogonal.

Analysis-matrix orthogonality leads to [1]

y(t) = (p ? x)(t) +
1

N
(rTQR ? s)(t) + rT e(t), (5)

whereQ(t)
∆
= P(t) − p(t)I with scalar pulsep(t) defined as the

entire system’ss = 0 unit-sample response. MatrixQ(t) captures
the DACs’ output-level mismatch, static timing errors, frequency-
response differences, and crosstalk. Matrix1√

N
A is orthogonal,

soA−1 = 1
N

AT = 1
N

(r R).

Error-feedback loop. Use an inputless error-feedback
sigma-delta loop to generates.
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Figure 4: Incorporation of analysis-matrix orthogonality (top), a
scalar (spherically symmetric) loop-filter (middle), and simplifica-
tions into the bottom system of Fig. 3.

This specializes the lower diagram in Fig. 3 to the top diagram
of Fig. 4. Unpredictable hardware impulse-response error matrix
Q(t) determinesrTQ(t)R and hence the vector direction(s) along
which the spectral content ofs(t) in (5) must be suppressed, so the
system shown uses. . .

spherically symmetric loop filtering. Let the loop-
filter transfer matrix be a scalar transfer function times
an identity matrix.

This allows the loop filter to commute with its neighbor, result-
ing in the middle system of Fig. 4. Some computational savings
results from precomputingRRT , but sinceR is not square, the
dimensionality of the loop filter also increases. Better, eliminate
R entirely by usingNI = ATA = rrT + RRT in the analysis
block in the form ofRRT = NI − rrT , yielding the far more-
efficient bottom system of Fig. 4. All orthogonal analysis matrices
with the desired first column lead to the same system!

Structurally, the loop now resembles that of the bottom system
of Fig. 1, except that the upper path has been added, replacing the
component of the quantizer input along unit vector1√

N
r by input

x/
√
N . The output of the loop filter along that direction is now

completely irrelevant, lowering the dimensionality of the loop.
In fact, the only relevancy ever of the1√

N
r component of the

input to the quantizer was in providing the latter withrTu = x,
to which it can fix the number of high output values of the DACs
to enforce the quantization constraint. Butx could just as well
be provided to the quantization algorithm as side information. The

1√
N

r component of the quantizer input would then be irrelevant, as
it can only shift every component ofu equally and so cannot affect
the rank ordering used in the quantization. This side-information
approach is taken by Schreier. Figure 5 is the bottom system of
Fig. 4 redrawn with annotations showing the changes that pro-

+

−

−
+new:

new

new:

1
N

r

LF

rT y

rT

DACsQv

x

vu

N min(·)

Figure 5: The modifications required of the bottom system of
Fig. 4 to produce Schreier’s system.

duce Schreier’s system exactly. Side information is provided to
the quantizer, and other changes affect the signals in the loop on-
ly along the irrelevant 1√

N
r direction. These convenient changes

shift the 1√
N

r common-mode component of various signals, par-
ticularly inside the loop filter but produce input-output behavior
identical to the bottom Fig. 4 system. This behavior can be ana-
lyzed using the system of Fig. 1 and the appropriate matrixA.

4 SUMMARY

A single system based on vector signals, matrix transformations,
and DAC elements with arbitrary impulse responses has been shown
here to be mathematically equivalent in various special cases to
three published error-shaping DAC architectures [1, 2, 3]. The
fact that these architectures are realizations of this unified system
suggests that the latter could result in even more distinct realiza-
tions, possibly improved ones. Meanwhile, it provides a common
framework for simulation and analysis.
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