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Abstract— The representation of a scalar by a sequence of dig-
its weighted by powers of some radix is here generalized to vec-
tors. The radix becomes a matrix, and its powers are applied
to digits that are vectors taken from a lattice. Familiar notions
of overflow and truncation error apply, and the familiar two’s-
complement approach to representing vectors on the “wrong
side” of zero generalizes cleanly. Blocking 1D samples into vec-
tors before conversion to these vector number systems can yield
advantages in computational efficiency related to the packing
efficiency of lattice points, much as data communication is im-
proved by error-correcting block codes, a closely related topic.

1 INTRODUCTION

In the radix+ number system learned by every schoolchild,
elements of a particular dense subset of the real nunibers
are each expressed as a sum over a rgigeof digit po-
sitions of terms from set$r®4}, where—and here lies its
beauty—A is a fixed alphabet af digits chosen from the in-
tegersZ. This paper generalizes: We express afyector
from a particular set denseRf¥ as a sum over digit positions
{k} of terms, each comprising a pow®¥ of radix matrixk

Figure 1: Multiplying the

points of a 2D hexagonal
lattice by a matrix R that
rotates them by 30° and
scales them by v/3 yields
a sublattice (circles) of one
third the density. One set
of ‘ coset representative$ is

(00T
times half the point spacing
o of the original lattice.

on the theory of coset cod€s 6, 7], to which the present topic
is deeply connected. Finally, for readers neither easily fright-
ened nor baffled, the following nanobackground might do.

1.1 Background: Lattices, Sublattices, Cosets

Any subset of the reaN-vectorsR” (including RY itself)

that is closed under addition and negation forms an an ad-
ditive Abelian (commutative) group. W andg are such
groups withNV' C G, thenA is anormal subgroumf G. A

times a digit from a fixed vector alphabet taken from a lattice cosetof ' in G is any translatioy + V' 2 {g+n : n € N}

A c R¥. The concept will be close to obvious to anyone

of a normal subgroup/ by someg € G called thecoset rep-

trained in abstract algebra, but this exposition aims to bring resentative The zero coseis just /. Example: The even

both the concept and practical aspects to DSP engineers.
Arithmetic algorithms analogous to the usual radisnes

integers2Z = {2z : z € Z} are a normal subgroup of the
integersZ, and the two distinct cosets 2%, in Z are the even

apply in these lattice-based number systems, but only rarelyintegers2Z (the zero coset) and the odd integérs 27Z.

will real-time conversion between number systems at input

A coset decompositida a partition of a group into cosets

and output make their use justifiable for signals in DSP sys- of a normal subgroup, for examgle= (2Z)U(1+2Z). The
tems. More often one might express only the coefficients of family of cosets of\ in G is denoted byG /N, s0Z/27 =
alarge FIR filter or array combiner in a lattice-based number {2Z, 1 + 2Z}. The statement “evest odd = odd” is an ex-
system in order to derive a hardware-efficient computational ample ofcoset arithmeticaddition and subtraction of cosets,
structure [1L}12;13]. However, space limitations place such ap-and indeed, cosets/ N always form an additive group. No-
plication matters beyond the scope of this paper, which there-tation [G /] denotes a set afoset representativesne for
fore must focus on key basics of number systems in lattices. €ach coset of /A. We might, for example, s€Z/2Z] =
This paper depends only on the most elementary con-10,1}. We generally express a coset decomposition like

cepts and notations of group theory, say from a standard
senior-level abstract-algebra text like Herstéin [4, pp. 26-54],
and on the barest introduction to lattices, say pp. 4-5 of the
bible of lattice theory, Conway and Sloang [5]. An alternative

would be the introductory material in Forney’s classic papers

This work was supported by the Office of Naval Research.

6= J 9+~
g€[g/N]

concisely agy = [G/N] + N'to say that each member of
groupg is a sum of a coset representative frgiA/] and an
element of normal subgrouy. Example:Z = [Z/27)+27Z.
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Any element of a coset can represent it, So coset repre-Special cas& = K splits the remainder séRRE+1A] in
sentatives are not unique. Any odd integer represents then{g) into the possible contributions of digif, the most sig-
all: 1+27Z = 5+ 27 = —7+ 2Z. Generally[G/N] denotes nificant digit (MSD), and a new remainder sgR"/REA].

fixed but unspecified coset representative® so [R/Z]+Z Recursion onk in (3) then yields the contributions of dig-

holds whethefR /Z] is interval[0, 1), interval [—1, 1), etc. its K—1,K—2,...,1. Reinterpreting[(3) fokt = 0, the
A lattice is a set of formM ZY of discrete points, so its  recursion stops with thieast significant digi{LSD):

elements are integer combinations of the columns ajéts- N N

erating matrix . A sublatticeis a subgroup of a lattice, so ‘[R /RM, - ‘[R /A], + [A/RA]. )

27%is a sublattice oZ2 Coset decomposition is as before: expressible in truncation

digitsm < 0 error

0 0 1 1
{ <0> ’ (1) ; <0) ; (1> } 1) Here we arbitrarily declare this remainder to be a truncation
error, but we could have instead expressed it with digits

[R%2Z2] = 10,2) % [0,2). —1,-2,... by letting R~ designate a matrix that inverfs

in the linear span of\ as in the hexagonal-lattice example
at the end of the introduction. Stoppingkat 0 avoids this
subtlety, and since lattick is arbitrary no generality is lost.

[2%/227)

Hexagonal lattice\ = M Z2of Fig.[1 is generated in 2D plane
(z,y) orin 3D planer + y + z =0 (different scales) with

1 1 -1 0 Assemble the complete representation from these pieces
= or M= 1 1 by beginning with overflow relationshif] (2) and substituting
V3 V3 0 —1 from recursion[(3) foreach df = K, K—1,...,0to obtain
respectively[[5, pp. 5] and can be decomposed as shown into N N K . Kt
three cosets of sublattid@A generated with, for the 3D case, RY=[RYA] + | > RF[A/RA]) + RFT'A. (5)
—~ k=0 ¥
1 -1 o 1 0 -1 truncation overflow
B 1 - error error
R=[ 0 1 -1 andR*:g -1 1 0 |.
-1 0 1 0 -1 1

To aid interpretation, first consider thé=1 dimensional ex-
This R is singular, so thisz~! is its “inverse” only in that ample with latticeA = Z, radix “matrix” set to scalaiRk =2,
RR™'M = M andR~'RM = M, which property will be  digit values|A /RA] = [Z,/27Z] fixed at{0, 1}, and truncation
useful later. Embedding this 2D lattice in a 3D space here errors|[RA| = [R/Z] = [0,1). Then [b) specializes to
conveniently eliminates irrational factors in these matrices.

K
R:@ + <Z 2k {o,1}> + 2K+lz ()

. k=0
truncation overflow
error error

2 LATTICE-BASED NUMBER SYSTEMS

To formally develop a number system based on an arbitrary
lattice A c RVand an arbitrary radix matrig for which RA _ i o
is a sublattice of\, first use a coset decomposition to capture SO any real number is expressible as#1 bit binary word

the idea of overflow past some desired leftmost digit just left of the binary point and truncation and overflow errors
N N1 Kt from not continuing further to the right and left respectively.
RY = [RYR™A] + RTTA ) ~ Remainder setERN/R"’A} in (E),_@), and [(4) are coarse,
expressible in  overflow intermediate truncation errors. WifRV/A] = [R/Z] set to
digitsm < K error [0, 1) in our 1D binary example, these remainder sets:fer

With coset representatives fixed, this uniquely separates any, - - -, £ +1 are related by simple scale factors. But this

vector inR™into an overflow error in sublatticB”*+'A and  relationship is both fragile, disappearing for example if we

a remainder ifRY/RX +1A] expressible in digits throught. ~ chang€R/Z] to [~ 3, 3) to make[R"/A] = [R/Z] in (§) into
After removing overflow error, we decompose the re- @ roundoff error, and prized because it enables a convenient

mainder into digits. Scale coset decompositloa [A/RA]+  iterative algorithm to perform the decomposition gf (), (3),

RA on the left byR* to obtainR*A = R* [A/RA] + RFt1A, (@), and hencd]5). Return to the general setting to see how.

and substitute this into coset decomposiidh= [RYV/RFA]+

R*Ato obtainRY = [RYR*A]+ R* [A/RA]+R*A. When 2.1 Left-to-Right Conversion

interpreted as a decomposition into cosetsR6f A in RY,

this yields Suppose(3) relates consecutive members of seqUigrAge],
O Nk . [RYRA], [RVR?A], ..., [RYREFIA] Thenfork=0,...,K
[RYRY™A] = [RYRA] + R¥[A/RA]. (3) anyxy1 € [RY/RFFIA] can be decomposed as

expressible in  expressible in

_ k
digitsm <k digitsm < k Xp1 = Xk + B, )



let x bethe vector inR"to be converted
_ [(Mir(x)

o [ Q"’(X)] {overflow’} error

herex — y isthe

truncatio
repeat K + 1 times:
NE { er<y>]
' Mrl(y) H
heredigits {\} appear in[qecreas.m
increasin

yo= By~ REX)
TR M (y—-X)
here y is RE+1x truncation erro
RE+ly overflow error

Figure 2: In this [ left-to-right / right-to-left ] conversion algo-
rithm, successive intermediate vectorsy computed correspond
to yx in the text beginning with [y x /yo] and with & then [ de-
creasing/ increasing]. Which algorithm is preferred generally
depends on the ease of implementing its digit production using
[ quantization in R™/ a modulo operation in lattice A ].

where),, € [A/RA] is digit k and remaindex;, € [RY/R*A].
To realize this decomposition step foe= K, define function )
Qpt [RVYREFIA] — [A/RA] with Oy, (xx41) 2 Ak. Could QK
this function realize thé £ K decompositions as well?
Recursion[(3) creates nonunique get/R*+1A] from a
given [RYR¥*A]. Alternatively, left multiply coset decompo-
sitionRY=[RY/RFA] + R*A by R to getRY= R [RY/R*A] +
RFIA and its equivalent, the alternative recursion

[RYMRFFIA] = R [RYMRFA].

Suppose this scaling holds fér=0, ..., K as it did in spe-
cial case[(6) so that sef& ™ —* [RV/RFT™A] : k=0, ..
are identical and equal f& V/RX ™A for eitherm € {0, 1}.

Left multiplying @) by RX—* then yields

RKﬁka_H = RKﬁka- + RKAk-.
N—_——— —
() € RE-FRVRHI] () € REFRYRM]
= [RMREHIA] = [RVREA]

The decomposition on the right is now unique, @g( - ) is

now applicable. Therefore, for aty=1, ..., K,

e = Qi (RE=*x411)
RKﬁka = RKﬁka_H - RK)\k.

One moreR yieldsR¥ ~(k=Dx, = R (RK~*x; .1 —R¥)\y),
andyy 2 REFx,., then leads to the algorithm of Fiﬂ. 2,
which assumes a functiot;,. : RN — [RYVRE+IA] that re-
turns the remainder (modul®”+!A) in decomposition[{2).
Consider the planar hexagonal lattice with three-row ma-
trices M and R from the introduction and = MZ? C R3,
Figure[B plots lattice-plane componentstff =% [RY/RF+1A]

f order ofk

Figure 3: In “hex’s complement” based on
the Fig. [1 lattice/sublattice, digitk is deter-

higher-digit contributions are removed and

mined according to thedecision re into
o which a remainder in [RY/R**1A] falls after

NANBY.
\_\o\

it's scaled up by RX~*. Decision diagrams
at left for digit &£ = 0 (top) through digit
k = K =7 (bottom) were each determined
by recursion (8) from the one just above us-
ing one digit set[A/RA] for k=0,..., K—1
and another for the k = K “sign digit.” This
recursion from an [R™/A] parallelogram ap-
proaches inconvenient limiting boundaries,
soleft-to-right conversion would be difficult.

fork=0,..., K with K =7 and[R™/A] set to

M x the origin-centered unit square. Each di-
agram is built byR¥ —* x recursion [[) from
scaled, offset copies of the diagram above it.
Scaling, implied by powers aR, rotates30°
clockwise and scales area by relative sublat-
tice density%. Offsetting is by the scaled dig-
its RE[A/RA] given by the columns of

0 1 0

0 1 0
(0 1 1) fork =K.

(SectionZ13 discusses this= K difference.)
The view is from normal to the plane, so the
axis spacing i420°.

Apparently the (normalized)[RY/RFA]
tend to converge, no matter with what (rea-
sonable) [R™Y/A] recursion [B) is initialized
(not proved here). Aside: Each [RY/RFA]
is a pencil of translations of a line orthog-
onal to the 2D lattice, but the singuldk
zeroes the extraplanar component to leave
{RE-F[RNRFA]} strictly in the lattice plane
unlessk = K.) The limiting [R"/R*A] scales
per (8) and so can be used flaft-to-right
conversion if its decision boundaries are real-
izable, as wherR is diagonal. For the case of
decision boundaries that are hideous however,
as in Fig[B, we can derive another algorithm.

(@)@ (0 0 1)fork<K,

2.2 Right-to-Left Conversion

If RE=FRV/RFA] depends otk, we
cannot easily convert left to right.
To convert right to left instead, use
O a different recursion, one that peels
terms off of () in the other order:



RN
RFA

RYMA] + A
R* [A/RA] + RFTIA,

9)
(10)

Again use two distinct functions to decompose RY First
use [B) to writex=e + yy, truncation erroe € [R™/A] and
aremaindey, € A expressible in digit§, ... Then define
quantization functior®,;: RN — A by Q,(x) 2 y, and use
(@) fork=0,. .., K to decompose eadk® y;. using a digit
Ax €[A/RA] and a remaindey. ;1 € A:
RFy, = R\ + RFRyj11. (11)
Now define modulaRA function M,;: A — [A/RA] to real-
ize the decompositiof) (11) fdr = 0 with M,;(yo) 2 Ao.
An inverse ofR is needed fok > 0, but R can be sin-

gular, as in our example of a planar hexagonal lattice in 3D.

If the linear spans ol and RA are the same, however, there
is a matrix, perhaps not unique, that we can datl* for
convenience and for which= R~!R\ = R R~ for any

A E A, ie for A\ = Mz with anyz € Z. (The R~! at the
end of the introduction for our hexagonal lattice met just this
RR'M=R"'RM = M condition.) Eachr in (L1) oper-
ates inA, so left multiplying [1lL) byR~* = (R~1)* yields

Yk = Ak + Ryt (12)
~~~ —
() €A (-) € RA

This a coset decomposition and therefore uniqueysg( - )
can again be used. Left multiplff {12) B! and rearrange
to complete theight-to-left conversion algorithm of Fid] 2.

2.3 Generalizing Two’'s Complement

Until now, [A/RA] has been assumed fixed, the same for all
digits, but it need not be so. Consider the 1D binary example

A=Z with R=2 and[R"/A] =10, 1) again, and suppose that
[A/RA]={0,1} is used for digits: = 0, ..., K—1 as before
but that[A/RA] = {0, —1} is used now for digit. Recur-
sion (3) yield§RY/REA] =0, 2%) as before, but then it goes
onto yield[RYREHIA] = [RVREA]+{0, -1} =[-2K, 2K)

as the interval of reals representableknbits (and a trun-
cation error). This is the familamwo’s complementepre-
sentation. When overflow is dropped or ignored in addi-

zero-centeredRV/A] at the top, more in the spirit of round-

off than truncation, makes this symmetry only approximate.
(How the choice of coset representatives should be changed
for the sign digit for a general lattice is beyond the scope of
this short paper.)

3 SUMMARY

This paper presented number systems that represent vectors
in RY using successive coset decompositions in a subgroup
chainRYA/RA/R?A/ ..., whereA = MZ" is a lattice and

R is a radix matrix withRA C A. Truncating the infinite se-
guence of nested sublattices yields finite representations. A
planar hexagonal lattice was featured for illustration, but all
concepts, mathematics, and algorithms presented are general
and apply regardless of dimension, lattice, or radix.

Two conversion algorithms were presented. Which is
preferred generally depends on whether repeated decompo-
sition into lattice and remainder components is simpler using
quantization irR” or using a modulo operation in the lattice,
and that depends on the lattice and radix matrix. It can af-
fect real-time performance, as lattice quantization is useful in
DSP applications ranging from multidimensionst mod-
ulation to high-performance computing structures for large
FIR filters or the long correlators sometimes needed in radar
pulse compression or spread-spectrum communications.

The focus in this paper was on the basics of overflow,
truncation, and conversion frof’ because these are the
first issues considered in any application. A subsequent pa-
per will take up the performance questions of dynamic range
and digit statistics and how they relate to the key question of
choosing a combination of lattice and radix matrix.
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