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Abstract—Spectral shaping of quantization noise can allow a few
(or one) oversampled D/A converters restricted to two output lev-
els, unit DAC elements, to replace high-resolution converters. In
high-resolution or high-speed settings however, even the perfor-
mance of systems with only two output levels can be limited by
conversion-circuit nonlinearities that introduce quantization-noise
intermodulation products into the signal band through nonlinear
intersymbol interference(ISI). Nonlinear ISI also affects the com-
munication and magnetic storage of data. Here a simple but very
general model structure for such binary-in, analog-out nonlinear-
ities is proposed. Curiously, its structure is that of a convolutional
coder whose output bits are separately LTI filtered before being
finally summed to form the analog output. “The code” here can
be chosen in a way that gives natural interpretations to those of
its filter responses that are most likely to be significant.

1 INTRODUCTION

The success of single-bit∆Σ modulation for D/A con-
version is often ascribed to the inherent linearity of a
two-level output. Two levels can always be expressed
as deviationsσ± δ from their averageσ, so level errors
yield at worst a DC offset and a gain error. But linear-
ity disappears—see Fig. 1—when transitions are neither
infinitely fast nor perfectly symmetric. The linearity of
the two-level output circuit, theunit DAC element, is in
fact a major issue when high-performance noise shap-
ing has placed the signal band in a deep hole in the
quantization-noise spectrum.Nonlinear intersymbol in-
terference(ISI) raises the signal-band noise floor, some-
times dramatically, by adding intermodulation noise.

Nonlinear equalization of this type of interference
has been studied for the magnetic storage channel [1, 2],
and the nonlinear channel models used there provide
the starting point for the present work. However, those
models distribute the desired LTI response across many
internal waveforms, so nonlinearities are represented by
small deviations from desired responses. While suitable
for extremely nonlinear magnetic-recording channels, a
model less sensitive to errors is more appropriate when
the system is nearly linear, so the present model incor-
porates a transformation that isolates both the LTI sys-
tem component and the most-important nonlinear com-
ponent, the transition asymmetry emphasized by Fig. 1.

There are other well-known approaches that super-
ficially appear related. The model presented here is a
special-case Wiener-Hammerstein system: a cascade of
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Figure 1: NRZ data with asymmetric transitions can never be
expressed as

∑
n x(n) h(t − nT ), as±1 binary data x(n) LTI

modulating a model pulseh(t). Asymmetry implies nonlinearity.

an LTI system, a memoryless nonlinearity, and another
LTI system. However, the literature on such systems
and on their identification universally posits scalar con-
nections between the three subsystems, but here those
connections are vector valued even though the system
input and output are not. Further, positing±1 binary
input data here fixes the first two subsystems. Only the
third need be estimated. The substantial complexities of
Wiener-Hammerstein identification can be bypassed.

One oft-cited patent [4] addresses the nonlinearities
inherent in quantized pulse-width modulation, in which
preliminary∆Σ noise shaping shifts much of the quan-
tization noise out of the signal band. Nonlinear spread-
ing of quantization noise into the signal band is the issue
there as here. But the source of nonlinearity there is the
ideal modulation process itself, not circuit imperfection,
and the input to the nonlinearity is not binary.

Anderssonet al.[3] use∆Σ-style noise shaping with
a nonlinear DAC model in the shaping loop. But their
DAC is a conventional high-resolution DAC, so they
cannot take advantage of a binary input, the key here.

2 THE SIMPLE MODELS, STEP BY STEP

High-density disk tracks have been successfully equal-
ized for reading [1] using the simple finite-memory non-
linear model of Fig. 2, aRAM nonlinearity. Here a real
(it could be complex) outputy(n) is determined via a
lookup table (RAM) addressed by a short-term input
history. Passing the±1 binary input streamx(n) to a
tapped delay line1 creates that history, the vector

x(n) = [ x(n), x(n−1), x(n−2), . . . , x(n−N+1) ]T .

1 Magnetic storage channels can be noncausal, so the “delay line” can
differ from the causal form assumed here for simplicity of exposition.
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Figure 2: RAM or lookup-
table model of a finite-
memory discrete-time non-
linearity from a binary in-
put sequencex(n) to a com-
plex output sequencey(n).
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N Figure 3: A generalizion of
Fig. 2 to a continuous-time
output. Here the nonlinear-
ity N( · ) maps the 2N dis-
tinct N -vector address in-
puts x(n) onto the 2N dis-
tinct standard unit vectors
(0 . . . 010 . . . 0)T of length
2N. This unit vector selects a
waveform segment from vec-
tor w(t) to be the output
y(t) in clock interval n.

Figure 4: Vector address
x(n) here selects, through
N( · ), a row of matrix A
to output from the cen-
ter block. The prod-
uct with waveform vector
A−1w(t) then contributes
to output y(t). Choos-
ing matrix A well im-
parts meaning to elements
of A−1w(t). Output con-
tent in some band of in-
terest can be modeled by
replacing A−1w(t) with a
discrete-time vector signal
h(n) and a bandlimited
reconstruction filter b(t).
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Multiple output values per clock interval can be ob-
tained with multiple lookup tables [2], but a general
continuous-time output waveform requires either an in-
finite number of such tables or some equivalent, such as
shown in Fig. 3. Here the lookup table has been split
into two parts. Following [2], binaryN -vector x(n)
addresses one of the length2N standard unit vectors
ê1, . . . , ê2N , which is then output by nonlinearityN( · ).
That standard unit vector then selects, via a dot product,
one element of the length-2N waveform vectorw(t) to
be the current clock interval’s contribution to output

y(t) =
∑

n

N(x(n))T w(t− nT ). (1)

All elements of vectorw(t) are supported on the same
single clock interval, say[ 0, T ), so the shifting and sum-
ming simply stitches output segments together, end to
end. Only one term of the sum is nonzero at a time.

The systems of Figs. 2 and 3 do not separate linear
and nonlinear response components, but we can modify
the Fig. 3 model to do so and to give nonlinear contribu-
tions an ordering roughly corresponding to importance.

If 2N×2N matrixA is nonsingular, thenAA−1 = I
can be inserted into (1) without harm, so we can write

y(t) =
∑

n

[N(x(n))T A] [A−1w(t− nT )].

We can realizeN(x(n))TA in the lookup operation by
having address vectorx(n) select a row ofA to pass
on rather than a standard unit vector. That row multi-
plies new waveform vectorA−1w(t) to yield a compo-
nent to be added to the output in the appropriate time
slot. In simulation theA−1w(t) waveform vector can
be synthesized from samples as shown in Fig. 4, where
discrete-time vectorh(n) has been designed so that

A−1w(t) =
∑

n

h(n) b(t− nT ).

with b(t) some bandlimiting filter. Or more precisely,
using Fourier-transformed quantities,H(fT ) B(f) =
A−1W(f) in the spectral region of interest. Here input
and output-synthesis sample rates are identical atT−1,
but straightforward extension of the system to a higher
output rate could increase output bandwidth if needed.

In proposing candidate matricesA, we will consider
the constraint lengthN = 1, 2, 3 cases separately be-
fore considering arbitraryN . The memoryless nonlin-
ear mapx(n) 7→ N(x(n))TA will be given by tabu-
lating the2N distinct

(
x(n)T , N(x(n))TA

)
pairs. The

second component of each pair is just a row ofA, so the
table as a whole is a listing ofA. The entire purpose of
theA andA−1 factors lies in the useful interpretations a
well-chosenA matrix can impart to individual elements
of waveform vectorA−1w(t), so let us choose our first
A to make the LTI component of the system explicit.

Nonlinearity Without Nonlinear Memory: If N=1
so that noz−1 delays appear in Fig. 4, we can use this:

x(n)T N(x(n))TA

(−1) (1 −1)
( 1) (1 1)

A−1w(t) =
[
c(t)
h(t)

]

Herex(n)=±1 contributesc(t−nT )±h(t−nT ) to out-
put y(t), soh(t) is the bit response (impulse response)
of an LTI system component. Whenh(t)=0 a periodic
output results, independent of the input, so the nonlin-
earity characterized byc(t) simply adds clock-harmonic
spectral lines to the output.

Earlier we supposedw(t) to have support contained
in one clock interval, perhaps[0, T ), but relaxing this
to [ 0,∞) does not change the possible periodic output
components, and it permits many more LTI system com-
ponents. The model becomes more general. We con-
tinue to seek this sort of “free” generalization below.

The Minimal Nonlinear Memory: When Fig. 4 has
N =2, or onez−1 delay, the table has four rows and its
right side has four columns. Then dependence in the
column headings is dropped for brevity, and the char-
acters · + − represent0, 1, and−1 respectively, In-
dividual elements ofA−1w(t) have supports contained
in the intervals shown on the extreme right:
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xT N(x)TA

−− +−− ·
+− ++−+
−+ +−++
++ +++ ·

A−1w(t) =


c(t)

h0(t)
h1(t)
a(t)


[ 0, T )
[ 0, T )
[ 0,∞)
[ 0,∞)

The h0(t) table column, the second on the right, is+
exactly whenx(n), the first column on the left is+, so
h0(t) is effectively driven byx(n). Likewise, theh1(t)
column on the right matches the second column on the
left, soh1(t) is effectively driven byx(n−1). The two
drive signals are the same except for a delay ofT sec-
onds, so subvector

[ h0(t)
h1(t)

]
represents an LTI impulse re-

sponseh0(t)+h1(t−T ) driven byx(n). Any causal LTI
bit response can be represented then by some

[ h0(t)
h1(t)

]
,

and if the supports ofh0(t) andh1(t) are confined re-
spectively to the intervals shown the representation is
unique. But the model is unchanged if we seth1(t)=0
and put the entire LTI bit response inh0(t) and permit
the latter support in[ 0,∞). We can drop both the ze-
roed third element fromA−1w(t), now written ash(t),
and the corresponding third column fromA:

xT N(x)TA

−− +− ·
+− +++
−+ +−+
++ ++ ·

h(t) =

 c(t)
h(t)
a(t)

 [ 0, T )
[ 0,∞)
[ 0,∞)

As before,c(t) models clock harmonics. The rightmost
column drivesa(t) whenx(n−1) andx(n) differ and
so represents an asymmetricresponse to bit transitions.

A Little More Nonlinear Memory: Two z−1 delays
in Fig. 4, orN=3, gives the table2N=8 rows:

xT N(x)TA

−−− +−−− · · · +
+−− ++−−+ · + ·
−+− +−+−++ · ·
++− +++− · +++
−−+ +−−+ · ++ ·
+−+ ++−+++ · +
−++ +−+++ · ++
+++ ++++ · · · ·

A−1w(t)=
support⊂

c(t)
h0(t)
h1(t)
h2(t)
a0(t)
a1(t)

m02(t)
m012(t)



[ 0, T )
[ 0, T )
[ 0, T )
[ 0,∞)
[ 0, T )
[ 0,∞)
[ 0,∞)
[ 0,∞)

Herec(t) is again one period of a clock-rate output com-
ponent, but now subvector[h0(t), h1(t), h2(t)]T repre-
sents LTI bit responseh0(t) + h1(t−T ) + h2(t−2T ).
Any causal response can be so represented, and if the
supports of thehi(t) are contained as shown, the rep-
resentation is unique. Equivalently, we can seth1(t) =
h2(t) = 0 and put the entire LTI bit response inh0(t),
which is then allowed support in[ 0,∞). Similarly, the
a0(t) table column is+ whenx(n) 6= x(n−1) and ·

otherwise, and thea1(t) table column is+ exactly when
x(n−1) 6= x(n−2). The drive signal toa1(t) is just
the drive signal toa0(t) delayed byT , so asymmetry in
the transition responses is modeled bya0(t)+a1(t−T ),
and with the supports shown there is a unique

[ a0(t)
a1(t)

]
corresponding to an arbitrary causal response. We can
seta1(t) = 0 and put the entire transition response in
a0(t), which is then allowed support in[ 0,∞).

Six of the eight columns ofA have now been chosen
to give natural interpretations to the corresponding ele-
ments of waveform vectorA−1w(t). The two remain-
ing columns must be linearly independent of these six
and of each other, but we are otherwise unconstrained in
choosing them. Has a pattern been established in choos-
ing the first six columns, one that we can now extend?
Actually eachai(t) column is driven by a product of
two input columns, and we can certainly regard each
hi(t) column as driven by a “product” of one column
only. We can even say thatc(t) is driven by an empty
product, as the multiplicative identity is one. Only two
possible products of columns remain unused, one of the
first and third input columns and one of all three input
columns, and these complete our table. We might ex-
pect that for a reasonable unit DAC element them02(t)
andm012(t) elements ofA−1w(t) will be quite small,
as they represent longer-memorynonlinear effects.

When zeroed elements ofA−1w(t) and correspond-
ing table columns are removed, the model simplifies to:

xT N(x)TA

−−− +− · · +
+−− ++++ ·
−+− +−+ · ·
++− ++ · ++
−−+ +− · + ·
+−+ +++ · +
−++ +−+++
+++ ++ · · ·

h(t)=


c(t)
h(t)
a(t)

m02(t)
m012(t)


[ 0, T )
[ 0,∞)
[ 0,∞)
[ 0,∞)
[ 0,∞)

3 GENERALIZATION

Enumerate0, 1, 2, . . . , 2N−1 in binary as the rows of a
2N×N label matrixL so that, for example, ifN=4,

LT =

[ · · · · · · · ·++++++++
· · · ·++++· · · ·++++
· ·++· ·++· ·++· ·++
·+·+·+·+·+·+·+·+

]
.

Define mapφ to return−1 or 1 according as its scalar
argument is odd or even respectively and to operate ele-
mentwise on vectors and matrices. Initially, as in Fig. 5,
label rows on the left withφ(L) and columns on the
right with LT and use Hadamard matrixφ(LLT ) as the
table, so that each column on the right is the elemen-
twise product of columns on the left identified by the
former’s vector label. This ensures that all2N distinct
products of theN constituent factors are included.
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· · · · · · · · ++++++++
· · · · ++++ · · · · ++++LT = · · ++ · · ++ · · ++ · · ++
· + · + · + · + · + · + · + · +

xT N(x)TA
++++ ++++++++++++++++
+++− +−+−+−+−+−+−+−+−
++−+ ++−−++−−++−−++−−
++−− +−−++−−++−−++−−+
+−++ ++++−−−−++++−−−−
+−+− +−+−−+−++−+−−+−+
+−−+ ++−−−−++++−−−−++
+−−− +−−+−++−+−−+−++−
−+++ ++++++++−−−−−−−−
−++− +−+−+−+−−+−+−+−+
−+−+ ++−−++−−−−++−−++
−+−− +−−++−−+−++−−++−
−−++ ++++−−−−−−−−++++
−−+− +−+−−+−+−+−++−+−
−−−+ ++−−−−++−−++++−−
−−−− +−−+−++−−++−+−−+

Figure 5: The general construction of anx 7→ N(x)TA table be-
gins with a Hadamard matrix with binary row and column labels.

Several modest improvements are possible. Rather
than associate columns

+
·
·
·

·
+
·
·

·
·
+
·

·
·
·
+

to elements ofA−1w(t)
with support in[ 0, T ) [ 0, T ) [ 0, T ) [ 0,∞), we can keep
only column

+
·
·
·

and constrain support only to[ 0,∞).

Columns 2 through2N−1 on the right can all be dis-
carded as redundant in just this way, as the pattern of
+ entries in thelabel over each appears shifted up to
lead with + in some otherlabel. The 2N rows and
2N−1+1 remaining columns can then be arranged in
increasing order of new scalar row and column labels
xT 2 and2T ` respectively, where binary weight vector
2=(20, 21, . . . , 2N−1)T and wherè =(`1, . . . , `N )T is
the column-label vector shown above. Finally, let us in-
dex the columns{ci} with the new scalar label and use
harmless column operations to replace eachciexceptc0

andc1with 1
2 (c0−ci). The{0, 1} valued elements then

give each column a boolean event-detection character.
The modified model table for a givenN , as shown in

Fig. 6 forN =16, now incorporates within it the tables
for all smallerN . On the right,h0(t), h1(t), andh3(t)
are associated with output terms respectively capturing
clock-lines generation, LTI response, and the effects of
transition asymmetry. Other responses{hi(t)} are or-
dered by the length of the nonlinear memory involved.

A roundabout general construction here helped jus-
tify the table’s final form, but starting with appropriately
sequenced vector row and column labelsxT and` would
certainly expedite a more-direct construction.

4 SUMMARY AND CONCLUSIONS

The model presented here exactly represents any causal,
time-invariant nonlinear system that maps the N most-
recent binary-data input samples to a real- or complex-
valued, continuous-time, analog output. (Using{0, 1}
valued instead of{±1} valued input data requires minor

2T ` 0 1 3 5 7 9 111315

`1 · + + ++ ++++
`2 · · + · + · + · +
`3 · · · ++ · · ++
`4 · · · · · ++++
xT N(x)TA

− − − − +− · · + · ++ ·
+ − − − ++ + + · + · · +
− + − − +− + · · · · ++
+ + − − ++ · ++ ++ · ·
− − + − +− · + · · + · +
+ − + − ++ + · + + · + ·
− + + − +− + ++ · · · ·
+ + + − ++ · · · ++++
− − − + +− · · + + · · +
+ − − + ++ + + · · ++ ·
− + − + +− + · · ++ · ·
+ + − + ++ · ++ · · ++
− − + + +− · + · + · + ·
+ − + + ++ + · + · + · +
− + + + +− + ++ ++++
+ + + + ++ · · · · · · ·

h(t)=
support⊂

h0(t)
h1(t)
h3(t)
h5(t)
h7(t)
h9(t)

h11(t)
h13(t)
h15(t)



[ 0, T )
[ 0,∞)
[ 0,∞)
[ 0,∞)
[ 0,∞)
[ 0,∞)
[ 0,∞)
[ 0,∞)
[ 0,∞)

Figure 6: The generalx 7→ N(x)TA map for constraint length N
includes within it the maps for all shorter constraint lengths.

changes.) The model is a Wiener-Hammerstein system
comprising a simple SIMO tapped delay line, a mem-
oryless nonlinear—all binary in fact—MIMO system,
and an LTI MISO system. The constraint length fixes all
but the final LTI subsystem, so model fitting or system
identification in applications should be relatively sim-
ple. The key strength of the model is its separation of
constituent waveforms according to the length of non-
linear memory involved. This makes the model’s LTI
component, in particular, identifiable and separable.

Curiously, the class of nonlinearities modeled is es-
tablished here to be, to within clock-rate output com-
ponents, isomorphic to the class of systems in which a
binary convolutional coder drives a periodically time-
varying linear system with a one-codeword period.
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