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Express Coefficients in 13-ary, Radix-4 CSD to Create
Computationally Efficient Multiplierless FIR Filters

Jeffrey O. Coleman∗

Abstract— A two’s complement DSP signal can be multiplied by a
fixed coefficient using an adder tree operating on input shifts cor-
responding to nonzero coefficient bits. Alternatively, the signed
bits of a canonical-signed-digit (CSD) coefficient representation
specify an add/subtract network, with one third fewer terms re-
quired on average. That well-known approach is generalized
here to a radix-4 CSD system that turns out to save 36% relative
to conventional CSD in the FIR-filter application but at a per-
filter overhead cost of six small-integer scaling operations that
represent common subexpressions implicitly factored from the
add/subtract network. The approach works for both direct-form
and transposed-form filters and generalizes easily to other num-
ber systems.

1 Introduction

A signal can be multiplied by a fixed coefficient in cus-
tom DSP hardware using those hardwired shifts and
adds of the signal that are implicitly specified by the
binary coefficient bits. The number of arithmetic op-
erations required, ignoring shifts (which come free),
can be reduced by an average of 33% by instead ex-
pressing coefficients in canonical-signed-digit (CSD)
form. CSD is a radix-two number system with ternary
coefficient set{−1, 0, 1} and having the “canonical”
property that −1 and 1 are always followed by0
in CSD strings. CSD string 1 0 0 . −1 0 1 ,
for example, represents 3.625, the dot product of
ternary coefficient vector(1, 0, 0,−1, 0, 1) with powers
(22, 21, 20, 2−1, 2−2, 2−3). So a CSD coefficient speci-
fies which input-signal shifts to add to the output, which
to subtract from it, and which to ignore.

In the next section, the principles underlying
the CSD number system in standard radix-2 form
[1] are applied to create the radix-4 equivalent—
CSD4 is a good name for it—and determine its ba-
sic properties. These principles force CSD4 to be
a 13-ary system, with digits drawn from alphabet
{−15,−13,−11,−9,−7,−5, 0, 5, 7, 9, 11, 13, 15}.
Section 3 shows how factoring the absolute values
of these digit values (nearly) out of both the direct-
form and the transposed-form FIR filter structures leads
to efficient realizations, particularly for long or large-
wordlength filters.

2 Number Systems

We use a two-step approach, first deriving CSD-r fam-
ilies of number systems and then specializing to radix
r = 4. This actually simplifies matters because it keeps
the “fourness” of our particular system from obscuring
the ideas behind the various systems’ properties.

2.1 Properties Desired

Let us begin quite generally and add restrictions to nar-
row our focus as we proceed. Denoting the real num-
bers byR, begin with an arbitrary radixr ∈ R, an arbi-
trary alphabetA ⊂ R, and the idea that, using arbitrary
ak ∈ A,

sequence represents

0.a1 a2 . . . x =
∞∑
k=1

ak r−k

a1.a2 a3 . . . rx = a1 +
∞∑
k=1

ak+1 r
−k. (1)

To ensure that the sums converge, require radix|r| > 1
and require all elements of alphabetA to meet some
common magnitude bound. Of course if the number of
elements inA is finite, they are bounded automatically.
But surprisingly,A need not be finite.

The relation of product to shift in (1) above deter-
mines what set of numbers can be represented in the
system. To begin, define setFα ⊂ R by requiring that
its translationα + Fα contain all productsrx in (1)
whena1 = α ∈ A and the sequencea1, a2, . . . is finite
in length. This makesFα the set of possible fractional
values whenα appears left of the radix point. Let us re-
quire our alphabetA to contain zero, so thatF0 will be
simply the set of possible fractions in our system. Then
in the spirit of (1), the numbers in our system having
just one “digit” and a finite-length fractional part can be
written in either of two ways, so

rF0 =
⋃
α∈A

α+ Fα. (2)
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Certain properties are desired in setsα + Fα. First,
any element ofrF0 above that falls in more than one
of the setsα + Fα on the right can be represented in
our system in more than one way, that is, more than one
choice ofα can be used for the first digit. So, to make
representations of numbers as finite sequences in our
system unique, we must require the sets on the right in
(2) to be disjoint.

Second, let us set limits on the memory inherent in
sequences. Ordinary binary is an example of a memo-
ryless system, one in which the portions of the sequence
to the right and left of any given reference point in the
sequence can be chosen independently. Ordinary CSD
has memory, however, because if the digit just to the
left is nonzero, the digit just to the right must be zero.
So, let’s restrict our number system considerably while
still permitting both these cases by requiring any mem-
ory to be finite, in a sort of Markovian spirit. To do this,
structure the sequence to the right of anyα into an ini-
tial component followed by a tail component. Limit the
length of the initial sequence component toNα and let
Iα denote theα-dependent set of values this initial com-
ponent can represent. Then let the tail component of the
sequence represent any value in some setT that is inde-
pendent ofα. This limits memory toNα digits and sets
Fα = Iα + r−NαT . Now let’s take a very restrictive
but convenient step and further requireIα = 0, so that
every digit of valueα in our system is followed imme-
diately byNα (highly desirable) zero digits. Of course
N0 = 0 is essential, else sequences will get “stuck at
zero” forever, soF0 = T . Now memory is limited not
only in length but in character, and for anyα ∈ A,

Fα = r−NαF0. (3)

Third and finally, we need some kind of continuity in
the set of representable numbers. In the ordinary case
in which alphabetA contains only a finite number of
elements, our setF0 of real numbers that can be rep-
resented with finite-length fractional sequences will be
countably infinite and so certainly cannot be equal to
an interval, the natural goal of our number-system con-
struction. So let us also consider numbers that, while
not representable exactly with finite-length sequences,
are representable to arbitrary precision with such se-
quences. The number1, for example, can be approx-
imated as accurately as desired with a finite-length frac-
tional binary sequence simply by taking enough dig-
its of 0.111 . . . Those reals not inF0 but that can be
approximated arbitrarily closely by elements ofF0 are
just its limit points, which when appended toF0 turn it
intoF0, its (topological) closure. (This is one of several
equivalent definitions [2] of closure inR.) So in order
to ensure that there are no gaps in the range of numbers
representable in this expanded sense, let us requireF0

to be a (nontrivial) closed interval.

This continuity requirement is central here, because
scaling relationship (3) then forces everyFα to be a
closed interval as well, and making the union in (2)
disjoint then means that the translationsα + Fα, also
closed intervals, must be placed end to end so that their
endpoints just touch. Usingµ for the (nonzero) width
of intervalF0 (its Lebesgue measure), disjoint union (2)
and scaling relationship (3) now imply that

rµ =
∑
α∈A

r−Nαµ ,

or simply ∑
α∈A

r−(Nα+1) = 1. (4)

The terms of sum (4) give the relative proportions ofF0

represented by sequences beginning with eachα ∈ A.
(Constraint (4) forces alphabetA to be countable, but
nothing yet requiresA to be finite, an interesting fact of
no obvious usefulness.)

Substituting (3) into (2), taking the closure, and di-
viding by radix r produces the recursive relationship
central to our construction. The intervals in this union
touch only at their endpoints:

F0 =
⋃
α∈A

α

r
+ r−(Nα+1) F0. (5)

2.2 Construction Procedure

Given the radixr, we can now design a number system
using a three-step procedure.

Choose the range of fractions.Choose some nontriv-
ial closed intervalF0 containing the values to
be represented arbitrarily closely by fractional se-
quences. The all-zero sequence is a finite (in the
required sense) fractional sequence, so0 ∈ F0 is
required, and therefore so is0 ∈ F0.

Proportion according to initial digit. Choose propor-
tions r−(Nα+1) so that their sum is unity, with
r−(N0+1) = 1/r required.

Choose the alphabet.Eachr−(Nα+1) value just cho-
sen determines one of the setsα/r+ r−(Nα+1) F0

in (5). It remains only to choose eachα to place
these sets end to end.

Scaling everyα andFα afterward by some common
factor is sometimes necessary (and sometimes inade-
quate) to produce the integer-only alphabet that (only)
custom requires.

The simplest example is ordinary binary, a radix-2
system with a binary alphabet. Once the range of frac-
tionsF0 is set to interval[0, 1], the proportions must be
chosen as12 and 1

2 , and alphabetA = {0, 1} follows.
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example:

Figure 1: A three-digit ruler
for CSD4 fractions.

Figure 2: The asymptotic (in the
number of digits kept) error pdf for
CSD4 conversion of a uniform ran-
dom variable. error

center is
4    higher,
1/4 the width.
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Conventional CSD is also simple.
Specify radix 2 and a ternary alpha-
bet, and center the range of fractions
F0 about zero for unbiased trun-
cation errors (more on this below,
in the radix-4 context). The initial
scale is irrelevant, so chooseF0 =
[−1, 1] for convenience, and choose
proportions1

2 , 1
4 , and 1

4 , assigning
the two nonzeroα’s the same pro-

portion of the total range, a reason-
able symmetry. Recursion (5) now
requires choosing these two nonzero
α values to place the twoα/r+ 1

4 F0

intervals on either side of and end-
to-end with interval12 F0. Given our
earlier choice ofF0 = [−1, 1], this
requiresA =

{
− 3

2 , 0,
3
2

}
. Scaling

by 2
3 will yield the smallest possible

integer magnitudes for our final al-
phabetA = {−1, 0, 1} and will set
F0 =

[
− 2

3 ,
2
3

]
. (Reference [1] has

more to say on this example.)

2.3 A New System: CSD4

Radix-4 CSD is now straightfor-
ward to construct. Let the arbitrary
initial zero-centered choice ofF0

be
[
− 1

2 ,
1
2

]
for its convenient unit

width. SinceN0 = 0 is always re-
quired andNα = 1 for α 6= 0 is
here needed also, so that nonzeros
are always followed by zeros, pro-
portionsr−(Nα+1) are 1

4 for α = 0
and 1

16 for nonzeroα. There must
be exactly twelve of the latter for the
proportions to sum to unity. Place
the nonzero-α intervals α4 + 1

16 F0

of recursion (5) end to end by set-
ting α = ± 2k+3

8 for k = 1, . . . , 6.
Now scale the whole system by8 so
that theα are the smallest integers
possible. The system of Fig. 1 re-
sults, withF0 = [−4, 4] andA =
{−15,−13,−11,−9,−7,−5, 0, 5,
7, 9, 11, 13, 15}. This is CSD4.

What is the average proportion of
zeros in CSD4 digit strings? Sup-
pose a random variable uniformly
distributed overF0 is expressed in
CSD4, and letZn denote the event
“[the n-th CSD4 digit is zero].”
Then, using conditionals,

P (Zn) =
P (Zn |Zn−1)P (Zn−1)

+ P
(
Zn |Zcn−1

)
(1− P (Zn−1))

with (see Fig. 1)

P (Zn |Zn−1) = 1
4

P
(
Zn |Zcn−1

)
= 1,

soP (Zn) = 1 − 3
4P (Zn−1). Since

P (Z1) = 1
4 , this recursion is solved

by

P (Zn) =
n∑
k=0

(
−3

4

)k
= 4

7 + 3
7

(
− 3

4

)n
→ 4

7 . (6)

In the coefficient-multiply appli-
cation, each nonzero CSD4 digit,
asymptotically 3/7 of the total,
specifies an add or subtract of the
input after it is shifted by an even
number of bits to multiply it by
some4−k, and no operations are re-
quired on the input shifted by odd
numbers of bits. A CSD4 coefficient
multiplication therefore asymptoti-
cally requires summing3/14 of the
possible input shifts. Ordinary CSD
is well known to require1/3, so the

3
14

=
1
3

(
1− 5

14

)
of CSD4 saves5/14 ≈ 36% com-
pared to CSD, “on the average.”
(The price paid for this will be dis-
cussed shortly.)

If this random CSD4 fraction
is truncated after one digit, (5)
gives the truncation-error distribu-
tion, conditioned onα, asr−(Nα+1)

times a uniform distribution over
F0. Truncating aftern digits in-
stead just scales this byr−(n−1),
so the truncation error aftern dig-
its isr−(Nα+n) times a random vari-
able distributed uniformly onF0 =
[−4, 4], whereα is now the value of

3



thenth digit. This suggests using conditional densities:

fn(x) = fn (x |Zn−1)P (Zn−1)
+ fn

(
x |Zcn−1

)
(1− P (Zn−1)) .

The a priori probabilities are given by (6). The sim-
ple asymptotic result is sketched in Fig. 2. (The al-
gebraically awkward general case is left to the reader.)
The asymptotic standard deviation, using conditionals,
is

4n σ =

√
82

12
× 4

7
+

22

12
× 3

7
=

√
67
21
.

CSD-fraction values are upper bounded in magni-
tude by4, so the CSD4 dynamic range, computed as
20 log(|peak|/σ), is ≈ 4.6 dB plus12 dB per CSD4
digit kept (as against≈ 6 dB plus6 dB per CSD digit
kept for ordinary CSD).

Finally, recursion (5) implies an algorithm to convert
to CSD4. (The approach was used for CSD in [1].)

3 Efficient FIR Filters Using CSD4 Coefficients

The output of a direct-form FIR filter is computed as
linear combinationy(n) =

∑
k h(k)x(n − k). Here

we can write the coefficients in CSD4 ash(k) =∑
i ai(k) r−i with ai(k) ∈ A for

y(n) =
∑
k,i

r−iai(k)x(n− k)

=
∑
k,i

r−i |ai(k)| sgn(ai(k))x(n− k). (7)

Since|ai(k)| can take only seven possible values, one
of which is zero, we can formally recognize function

A | · |−→ R as a “simple function” and write

|ai(k)| =
6∑

m=1

γm 1Am(ai(k)),

where set-membership function1Am( · ) takes value
unity or zero according as its argument is or is not in
setAm. SetAm ⊂ A contains all the alphabet elements
with absolute valueγm. Substituting into (7) yields

y(n) =
6∑

m=1

γmRSm

 x(n)
x(n− 1)

...


where matrixSm has elements in{0,−1, 1} given by

[Sm]ik = 1Am(ai(k)) sgn(ai(k)),

and where matrixR is a diagonal matrix of digit-
shifting factorsr−i. The result is now expressed as
a linear combination of six intermediate outputs com-
puted from the same data but with different coefficient

data matricesSm. Elementi, k of coefficient matrix
Sm tells whether to add, to subtract, or to not include
a 2i-bit shift of x(n − k) in the summation that forms
intermediate outputm. These matrices have column di-
mension equal to the filter length (suitably modified for
linear phase, etc.), have row dimension of about half
the desired output wordlength in bits, and, according to
the probabilistic analysis above, are quite sparse, with
nonzero entries in about3

7 ×
1
6 = 1

14 of their elements.

4 Observations and Conclusions

Recipe: Efficient FIR-Filter Structure

Ingredients: One set of delay-line registers containing
signal data, six sparse shift/add/subtract networks
to compute intermediate outputs, and a linear com-
biner with weights5, 7, 9, 11, 13, and15.

Features: The linear combiner is fixed in size and com-
plexity, no matter the filter length. And the idea
also works in transposed form: The input is scaled
by the six factors to create “intermediate inputs,”
and then a sparse shift/add/subtract network oper-
ates on those six inputs to create data to sum into
the delay line. For either direct or transposed form,
the entire approach can be viewed as a form of
common-subexpression elimination based on fac-
toring out common number-system scale factors.

Here CSD4 was developed from general principles
that invite the design of other number systems. Each
such system implies a particular set of common subex-
pressions that are easily factored out of an FIR fil-
ter. The CSD4 path through these dense, generalized
woods was (partially) cleared by this paper, largely to
demonstrate the approach. Whether this approach bet-
ter bypasses or combines with traditional algorithms
for “optimal” common-subexpression elimination (e.g.
[3]), time will tell.
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