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Abstract— In two-level noise-shaped D/A conversion, a delta-sigma 3. Those key discrete-time spectra when th& modula-
modulator quantitizes a bandlimited discrete-time signal into a bi- tor output is replaced with a source of data that are ran-
nary drive for a two-level D/A converter that then outputs a nom- dom, independent, and equiprobahty. In at least one
inally clean NRZ data waveform with the quantization-noise spec- key case, that of mismatched rise and fall time constants
trum shaped to be very low in the signal band. Nonlinear inter- for a nominally NRZ signal, this allows parameterizing

symbol interference in the final two-level conversion can, however, waveforms (a) to be derived exactly using a crosscorre
corrupt the signal band with intermodulation noise. Here a nonlin- y 9

ear model of that two-level conversion is used to derive its output lation. 'The? insight pro‘{'ded by such an gnalytlc solution

spectrum for test data that are either periodic or random with i.i.d. can guide implementation improvement in the laboratory.

bits, results that can enable laboratory measurement of model pa- (Due to space constraints the mismatched rise/fall deriva-

rameters and guide needed circuit improvements. tion itself is omitted here. It will be presented elsewhere.)
I. INTRODUCTION II. THE NONLINEAR CONVERSIONMODEL

When BPSK pulse modulation or filtered two-level D/A con-  This section recaps the nonlinear model of single-bit D/A
version applies pulse shapg) in a linear, shift-invariant (LSI)  conversion presented inl[1]. Here it is both a little simpler and a
way to random data sequentfe) to createy(t)=> ., d(n)p(t— little more general, and motivational material is largely omitted.
nT), ordinary asynchronous spectral measurement estimates the

continuous-time power spectral densityydt —¢o) given by A DIA Convolution
0 Define ratel/T" D/A convolutionof a discrete-time signal

|P(f)|? d(n) and a continuous-time signe{t) by

1)
(dxc)(t) 2T d(n)c(t - nT)
(see Section A), where random detgys uniform on[0, 7') and n
independent of other variables. Hefg(v) is the power spec- (exd)(t) 2 TZc(t —nT)d(n). )

Su(f) = Sd(fT)

T

tral density of the data, andt) < P(f) is a continous-time
Fourier pair. In noise-shaped two-level D/A conversiod) 8
modulator creates#1 valued data sequendén) =s(t)+n(t)
with signal s(¢) and quantization noise(t) uncorrelated and
corresponding to spectrally nonoverlappisig(~) components
o] tr_\atP(f) can eliminate the n_oise_ While_pres_e_rving the _signgl. T Z d(n) C(f)e 32T = TD(fT)C(f)
At high clock rates, however, circuit nonlinearities often invali- "
date this model and create signal-band intermodulation noise.
Intersymbol interferenc€lSI) without qualification usually
means linear 1Sl that can be modelegin) — P(f). Nonlinear ) .
ISl is data-related distortion that cannot be so modeled. (Lined®: A Nonlinear Model of Two-Level D/A Conversion

D/A convolution is not assumed commutative dds) andc(t)
may be dimensionally compatible matrices or vectors rather than
scalars. The respective Fourier transforms are

TS C(f)e 2T d(n) = C(f) TD(/T).

and nonlinear IS are collectively termeéterministic jitterby The system in Fig.]1 realizes a general time-invariant, causal
some component makers.) Here a variation of the nonlinear-ISnap with finite nonlinear memory from a two-level discrete-
model in [1] is used to obtain three spectral results. time signal inputd(n) to a continuous-time analog outpy(t).

A signal inputd(n), not shown, and th¢0, 1}-valuedcontrol
1. The model's output spectrum in terms of (a) the wave-inputz(n) on the lower right are affine (linear plus a constant)
forms that parameterize the model and (b) easily estiin each other. Signal inpui(n) is the value to be converted,
mated (in simulation) spectra and cross spectra of the daignd control inputz(n) is a{0,1} digital encoding of that value.
and various parity bits taken over the recent data historyThe encoding determines conversion type. A few possibilities:

2. Spectra and cross spectra (b) when theE modulator  conversion type d(n) € mapping
output is replaced with periodic test data. This enablesbipolar (£1}  d(n)=22(n)—1
lab measurement of spectral properties of waveforms (a)unipolar (0,1} d(n)=z(n)

*This work was supported by the NRL funding base and the Office of Naval Re-bipolar, inverting {£1} d(n)=1-2z(n)
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output codeword codeivord selector address constraint TABLE 1

t vector length
v A2Tx(n) ®27x(n) x(n) N CODE MATRIX A =CXH FOR N =3 AND TWO CHOICES OFC.
(7771 select [[T7 ] identify R
‘ ‘codeword = ‘ specific i z LT .. .. 4t LT . ... et
2 ‘N“\‘(column)”:“:‘\hlstory”“'“ o 4 T N
=gt)e [ )= Ax< key XL R e = e e e nidie
sum of | 10 A T+t
data~driven | ‘ +1 1 IR [ T T 4+
waveforms | ) ) control (n) _|_ 2 -4+ . _|__|_ .o _|_+ . . _|__|_ .. _|_+ .
input + -+ _|__{__+__|_ i++i++
Fig. 1. A nonlinear model[1] of data conversion. The delay line creates address R B s A
vectorx(n) from binary control inputz(n). NonlinearityN( - ) outputs stan- A=C413 XH A=Cyo,2}XH

dard unit vecto®; (numbered from zero) whenevef x(n) = i, where2” = g(t)
(2N-1. .., 21 20), ande; selects columi of matrix A to dot with row vector
g(t) to create a single term of outpuft) = 7' g(t —nT) AN(x(n)).

n

= [getock(t)  gimi(t)  go1a(t) g101(t) g111(t)]

t)y= T (t—nT 5
The first of these was realized by the modelin [1] (wkhrans- y(t) Z Getoo ) ®)
posed relative to\ here). The last two of these are used below
to illustrate the slightly greater generality of the model here. +T Z d(n) gu (t=nT)

The system in Fig.]1 is laid out right to left to correspond therms nonlinear inl(n) and

to the usual order in which consecutive matrix operations on
column vectors are written. Operation is straightforward. Fro
control inputz(n), adelay linecreates aaddress vector

involving other elements af(¢).

Mrhe first term comprises spectral lines at harmonicslo€k
rate 1/T. The second is LSl in signal inpd{n), so theg, 1 (¢)
z(n— (N-1)) component of waveform row vectgxt) models ideal D/A con-
. version. All other components model conversion nonlinearities.
*n) z(n—1) 7 C. Constructing the Code
x(n) Elements of vectors and matrices are numbered from zero.
Construction begins with 2"V x N label matrixL that enumer-
ates0, 1,2, ...,2Y¥—1in binary. For example, wheN =3 and
denoting0 and1 by - and+ respectively,

of length N, the model’'sconstraint length the maximum ex-
tent of its nonlinear memory. (Delay-line reversal relative to
[1] simplifies construction below.) Th2" possible addresses

x(n) reflect2 distinct recent input histories and are mapped I
by nonlinear magN : {0, 1}V — R2" , whereN (x) = ey, and : i+
L=
o7 = [oN-1 ... 22 2 1", T
++ -
to the2?¥ standard unit vectoi&, . . . , é;~_; to createcodeword +++
selectore; = N(x(n)). The next step selectodeworda; =  Defining mape¢ to return—1 or 1 according as its scalar ar-
Age;. The elements of; are zero except for a singlan position ~ gument is odd or even respectively and to operate elementwise
i, soa; is just columni of code matrixA = [ag,...,asv_;].  on vectors and matrice¥] 2 ¢(LL”) is a2"x 2V Hadamard

System outpuy(t), at the upper left in Fid.]1, is given by rate matrix. Of even-numbered rows & only row zero will be
1/T DIA convolution of the sequence of selected codewordsieeded here [1], so construct row-excision makixo transfer

with waveform row vectog(t). Informally we can writey(t) =  the desired rows tXH. WhenN =3 for example,
g(t) x AN(x(n)) and understand it to mean the more formal L
. + ......

a(n) = AN(x(n)) (3) X=|ra

y(t) = (g*a)(t), @ L +
where at each the value ofcodeword sequence(n) is some  Fnally, letthe code matrlebe given by
codeworda;. Alternatively, we can expanf](3) arid (4) and write A = CXH. (6)

Row one oR™N~141 squargow-combining matrixC determines
y(t) =T g(t—nT) AN(x(n)). row one ofA and hence the conversion type, and other rows of

C simply give elements of waveform row vectg(t) natural
Given a constraint lengtly, little is variable in the construction interpretations. Tablg] 1 gives for N =3 and two choices of
of code matrixA (below). The model is tailored primarily by C. Denoting—1, 0, 1 by —, -, and+ respectively,

choice of waveform row vectag(t). N I

Code matrixA is constructed to set the first two elements of | s |erowones |-
vectora(n) to unity and signal inpuil(n) respectively so that Ciny = i oo G = i oL
in terms ofgeock(t) andgy T (), the first two elements af(¢), +- = +- =



If C = Cyiyy, row one (row- - +) of code matrixA yields  Fig. 2. If control inputz(n) has period

bipolar, inverting conversion. Changing @= Cy( .y adds a M then address vector(n) and code-  anx(n)+ + - + - 4+ - + -

DC output bias and inverts thgr, (¢) drive, yielding unipolar ~ word Sneqﬁnca(") = AN(x(n)) do Pe”o‘dj'LTJ'r Tt

(noninverting) conversion scaled by two. In either case, in Tazjlt\geifé(n)ifm; Se%fﬁ?fz)) cr;- XL, O R I

ble[] columns ofA are codewords and rows @ except the  ling throu hM’i f(,”,),g witharan- - "t |—+—++++——+
: - : i Y starting . |

first make corresponding codeword elements into parities ovetom starting phase and with mati, EERRE DR ..

selected address bits. Column labels frifienumerate pos- (fight) constructed from columns & 4 , 4 | L L4100 4
ibl dd t d labels frah, . dd (hereC .1} XH) corresponding right

sible address vectors, and row labels fr specify address | ot 10 one period ok(n).

bits for the implied parity computations. Rows zero and one of

A drive clock-line and LTI waveforms ig(t) respectively, as

in (8). Other rows add nonlinear components to the output.

A related result on D/A-conversion output-input crosscorre-
lation is easily derived directly. Leg(t) = (h » x)(t). Then

1. OuTPUT POWER SPECTRA FORSPECIFICINPUTS Ryx() & E(y(nT+ T)XH(”))
The system output spectrum is derived for periodic and ran- = TZ h(r+nT — kT) E(x(k)x"(n))
dom control inputs:(n) after the background presented next, k
A. The Second-Order Statistics of D/A Convolution =T Z h(7 —mT) Rx(m)
This section presents, as background, a slight generalization — (h TRX)(T), ©)

of an old result([2] that is widely applicable in D/A conversion ) o
and data transmission but that is seldom presented cleanly. Tiae Fourier transform of which 8y (f) =H(f) TSx(/T).

variables are local to this self-contained development. B. The Spectra Produced by Periodic Drive Signals

Define continuous-time vectyy;(t) = (h; x x;)(t —to) for A purely deterministic analysis would suffice here, but a sta-
each ofi = 1,2 in terms of discrete-time random vector(n) istical approach is taken for consistency with the next section.
and LTI system respondg (¢), which is in general a matrix. Let Let M be the period of control input(n), and fork =
unknown system clock phasgbe independent of otherrandom 37 ¢ jet cosetk + MZ or any of its elements index the
quantities and uniformly distributed on some semi-open inter.in of anyM rows or columns. A surlY", over such an index
val Z of width T. Usi.ng a coqditional expectatiorj, the matrix- means a SU”ZiGZ/MZ over theM distinlct cosets, and such an
valued crosscorrelation function fgr (#) andy,(?) is given by jngex; in an exponent refers to an arbitrary coset element. Any

R AEB(E AvEE — )t other use of a coseimplies a sum, so that f —i f; ), for exam-
yf (7) (E(y1(®)ys'(t=7)]to)) ple, meaniogei 3(f—Lfo). (Asumy, overtime index: sim-
—— /T2 Z hy (t—to—nT) plymeansy ;- _ .) Itis exactly equwale_nt tougk... M—1to
T J nom E(x1 (n) xH(m) ) number rows and columns and to then interpret a Suprover

either aszf‘igl. A row or column indexexprthen meangxpr
mod M, andd(f —ifo) meansy_ o d(f — (i + MZ)fo).
using (- ) for Hermitian transpose. Suppose matrix-valued If control inputz(n) has periodV/ then so does address vec-
crosscorrelatior? (x; (n) x(m) ) is stationary and written as tor x(n), so for this periodic analysis let us replace the general
Ry, x,(n—m). Definingk = n—m ands = t—t,—mT yields ~ code matrixA depicted in Tablg¢]1 with som4,, customized

to this problem as illustrated in Fig} 2, where columns and their

_ _ Hi. labels have been transferred from the original table and ordered

By,ylT) Z/Tzk (s = KT) R ()b (5 = 7) ds. so that their column labels now constitute one periog(af) in
reverse (convenient later) order. Theft) = g(¢t) x A,u(n)
The regions of integration for different partition the reals, so  with new vectoru(n) cycling repeatedly through ; ...e_j;.
Let&! denote the everjtu(n) = ;] so that

hi (t—7—tg—mT) dty

M t—mT-T

Ry,y,(7) = /Tzhl(S*kT) By (k) B3/ (s—7) ds Ry(k) = E(u(n))u’(n—k))
k " . . .
= [ Ry () 05 ) a5 =Y el el &) P,
i
= (hy % Ry, x, x h3)(7), (7)  Whenk € j—i using coset arithmetic (dr = j—4 mod M us-

o AH , ing modulo4V/ indices),P(E7_, |£)=1. Itis zero otherwise,
wherehs(t) = hy'(—t). The ratel /T D/A convolution and the - s5'she double sum reduces to a single sum. To eliminate the re-
continuous-time convolution are associative. Either can be firsf aining,, dependence and make the autocorrelation stationary
The cross spectrum is the cross?rrelatior_\’s Fourier _transs-etp(gé) — 1/M to assert probabilistically that the phase of
form Sy, y, (f) =Hi(f) TSx;,(fT) Hy'(f). Or, inthe special  q periodic cycling is unknown. Then the above reduces to
case withx;(n) =x(n), h;(t)=h(t), andy,(t) =y (t), 1
Ru(k) = = > eely (10)

Sy(f) = H(f) TS«(fT) H(f). (8)



Matrix Ry (k) in (10) is cyclic for eaclk and therefore diago-
nalized by anV/-point DFT matrixD with D,,, ,, = e™27nm/M:

1 *
[DRy(k)D],,.,, = - Z D, D}k
[

1 —j2m(mi—n(i+k))/M
= — e
ps

_ eJ27Tﬁi E 673271'7 (ef‘]Zﬂ'ﬁ)
M =
%
ionnk 1
= e?™w — DD, ...
M

But 4, D' represents an inverse DFT, DD = I and

D R, (k)D" is diagonal with D Ry (k) D*]; ; = ei?mk/M,
Getting the scale factors right in the Fourier transfaip(f7T")

is worth some risk of belaboring the obvious. By definition,

SulfT) = Ru(k)e 3T (11)
k

= /Z Ru(k)6(t—kT)e 32 tat,  (12)
k
S0 we can certainly write
[DSu((f+57)T)D"]

= /Z [DRU(]C)DH]Z . e*jQﬁ#t (S(t—kT) efj27rftdt
k

= /Z(S(tfkT) e 32t gt
k

and the area of the DC line diD S, ((f+377)7)D"],, or
the f = 117 line of [D S, (fT)D*], . is the average value of
>, 0(t—KT), or just£. Using 1 D¥D =1 then,

1

M2

TSu(fT) = —D"A(f) D,

where diagonal matrix functioA (f) has period /T and

5(f)
o(f—317)

A(f) = |
5(f= 5
for 0 < f < &. The autocorrelatioti, (k) of vectoru(n)) is
stationary, so the output power spectrum is, frpin (4) ghd (8),
Sy(f) = G(f) A, TSu(fT) AfT G"(f)
1
T M2

=0/~ 57)

The discrete-time drive has peridd and so yields an output
spectrum of period /T with each period containing/ equally
spaced lines. In the above sum, thereMrgeriodl /T subfam-

(G(/)A,D") A(f) (G(f)A,DT)"
2
G(f) ﬁ [A,D]

columni

C. The Spectrum Produced by a Random Input
Let & denote the everlN(x(n)) = €;] so that

Ry(k)=> @&l PE]_,
0,J
WhenN =4, n=9, andk =1 for example, the Fig.]1 delay line
mapsz(n) to elements of vectors(n) andx(n—k) like this:

nED.

element ofk(9): 0 1 2 3
xz(3) xz(4) x(5) x(6) x(7) x(8) x(9).
element ofk(8): 0 1 2 3

The first three elements of(9) are necessarily also the last
three elements of(8). Generalizing, everf’ , N & can be
nonnull only when the two subvectors

elementsnax(0, —k) throughmin(N—1, N—1—k) of x;
elementanax(0, k) throughmin(N—1, N—1+k) of x;,

are equal, where binary vectss; is one of the possible val-
ues of address vectar(n) and is defined b’x; = i. Event
&’ NELthen corresponds to a specifidn (2N, N+ |k|) bits
of control inputz(n) matching particular values found in var-
ious elements ok, andx;. If random control inputz(n) has
independent and equiprobably binary-valued samples, then

1 for (4, j, k) yielding
{ ) min(2N,N+|k|)

[Ru(k)]i; = equal subvectors,

0 otherwise.

When|k| > N the subvectors have length zero and so are auto-
matically equal, and the—2" value given here is valid.

When else are the subvectors equal? We have four ways to
express each of the two events of interest:

€, £l
[N(x(n)) =&] | [N(x(n—k)) =¢]
[x(n) = x;] [x(n—k) = x;]
[2"x(n) =1] [2"x(n—k)=4]

The subvector condition above used the third of these, but there
is advantage now in using the fourth instead to map each possi-
ble binary address vector to an integer. The matching-subvector
condition above becomes the requirement that/ i, m) and
L(¢, m) respectively denote thex most- and least-significant
bits of the address vector that maps to integer

for—-N <k< 0, M(j,N+k)= L(i,N+k);
for 0<k<N, L(j,N—k)=M(i,N-k);
for k= 0, either condition above or just= j.

For0 < k < N we can write; andj in terms of their bits in
common and their other bits as

ilies of lines, each containing one line per period. Each subfam-

ily has associated with it a transfer function that determines its

lines’ areas. Thé/ transfer functions corresponding to thé
subfamilies are th@/ elements of row vectoquG(f)ApDH.

j=2N"kj 4 b, with0 < b, < 2V-F
i=2F b.+i, with 0 <i,< 2%
so that



Fig. 3. NRZ data RC filtered with a data-
dependentR of 0.87/C' x /1.1 (data high)
and0.87'/C/+/1.1 (data low). This 10% time-

Fig.[4. Left: eye pattern fof0, 2} data. Below:
elementg, (t) (point-peaked curve, left scale)
g5(t), g5(t), ... (other curves, right scale)

1.01

e

=

0.25

23 24 025 26 27 025 025 025 0.25

Fig. 4. Large plot on left: bandpagsy spectruml’ 1S, (f) for three signal
tones in a signal band with width 1% of clock ratg7". Each of five plots on
right: signal-band levels df ' G, (f) fori=1,2,... The bottom of the six

constant switching yields the worst spectrum in

Ra(k) =117+ (I-2y&7) o, (13)

where vecton is 2V~! +1 ones I is a2"V~! +1 square identity

matrix, and heré; is the lengtt2¥ 11 unit vector{1 0 - -- 0]".
Spectral densitys, (f7) now follows from [12). The first

term,>", 117 6(t — kT), is supported ofT'Z and has period

T, so its Fourier transform has periad7” and is supported on

T—'7Z and must be a periodic impulse train. Each area is just

that of the DC impulse and so given by the average ovar

>, 117 6(t— kT) or just £117. Direct evaluation of[(1]2)

yields the Fourier transform oF, (I — ey ef) 6, 6(t — kT'), so

periodically extending(f) to &, /7(f) £ >, 6(f—¢/T),

TSa(fT) = 01y0(f) 117 + TX ~&pey ).
Finally, from (8),
Sy(f) = G() TSa(fT) G"(f)

2
=0yr(H) Y G| + T |G|
i i£0
The first term contributes clock-harmonic lines, and the second
term is white and contributed to by all but ttgeck( f) compo-
nent of transformed waveform row vectGi( f).

The fact that the variougG;(f)|? for i = 2,3, ... affect the
output with the same scaling suggests that they can be compared
to get a rough sense of how the various nonlinear terms will
contribute to a system output. This is next explored numerically.

IV. COMPUTATION AND CONCLUSIONS

curves on the left (almost buried under the next curve) has identical data-high

and data-low RC time constantg =now = 0.27". For the other five curves on
the left, bottom to top, and the five plots on the right, left to right:

+/Thi Tlow 047 08T 04T 0.8T
(Thi — Tiow) / Now 1% 1% 10% 10%
1 oN=k_1 sk 2k—1 T
) e g
RN( ) 2min(2N,N+k) Z Z v Z J
be=0 \io=0 jo=0

For k> N the value ofR,(k) is constant, fixed aR, (V). For
negativek, either replace: on the right above with-% and
swapi andj or use the conjugate symmetR(k) = R¥ (—k)
required of all autocorrelations to obtal®y, (k) from its value
for positivek. These yield identical results.

In the N =2 case, for exampleR, (k) is

k<2 k=-1 k=20 =1 k>2
1111 1100 1000 1010 1111
1j]1111] joo11| 1jo1o00| 1j1010[L1l]|1111
16/1111f 81100| 4/0010| 8(0101f16|1111
1111 011 0001 0101 1111

Suppose a system subjects NRZ data (noninverting unipolar
conversion scaled by two) to an RC time constant that is a func-
tion of the current data value, giving its output mismatched rise
and fall times. Using crosscorrelatidn (9), the waveform row
vector for this system was derived exactly ushg- Cj o1 XH
in the model. (The details are omitted here for space reasons
but will be presented elsewhere.) Itis plotted in Fig. 3 (without
g,(t), as clock harmonics are of little interestAx®. systems)
for particular but unremarkable parameters. The huge linear ISI
contribution visible in the eye pattern is nearly irrelevani\t
performance, but the tiny nonlinear-1SI component, visible as
slight asymmetry top to bottom and resulting frgjg1(¢), raises
the noise floor some 40 dB in the associate®l spectrum in
Fig.[4 (left, top curve), completely destroying signal-band SNR.
The other Fig[ } curves suggest—clearly more work is needed
here—thaiG;(f) (rather than the largei,(f)) dominates the
nonlinear spectral contributions. This term contributes much
more when time constants are long, so much more mismatch is

For eachk the matrix elements sum to unity, because they ardolerated when time constants are short.

probabilities of events that partition the sample space.
Codeword sequencgn) of (3) has autocorrelation

Ra(k) = ARy (k)AH.

Using [§) withC = Cy oy, this effects a remarkable simplifi-

cation of Ry(k). Not proven here but easily verified computa-
tionally for all NV likely to be useful in the foreseeable future,
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