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ABSTRACT
Canonical-signed-digit(CSD) coefficientrepresentationdeadto
efficient add/subtract networks for hardwired DSP multiplies
of two’s complementsignals. CSD has always beenconsidered
a fixed-point system,and available conversion algorithms oper-
ate on integers. Using methodsapplicable to many simple num-
ber systemswe rederive CSD for fractional numbers, derive a
simple floating-point recursionfor converting fractions to CSD,
and briefly examinethe associatedruncation error.

1 INTRODUCTION

In hardwareDSP a signalcanbe scaledby a coeficient us-
ing hardwiredshifts andadds,but arithmeticoperationsare
fewer whensubtractionsare permittedalso[1, 2]. The stan-
dard approachusescoeficientsin CSD, a radix-two num-
bersystemwith ternarycoeficientset{—1, 0, 1}, denotedn

CSD digit stringsin this paperby {1,0,1}, and having the
“canonical” propertythat 1 and 1 are always followed by

0 in CSD strings. CSD string 100.101, for example, rep-
resents3.625, the dot productof ternarycoeficient vector
(1,0,0,—1,0,1) with powers(22,2', 29 21 272 273). So
a CSD coeficient specifieswhich input-signalshifts to add
to the output,which to subtractrom it, andwhichto ignore.

CSD is quite old, but we boldly createit anev, justi-

fied by the widespreadassumptiorelsavherethat CSD is a
shifted-intgersystem.CSDhereis inherentlyfractional. We

begin generallyin radix » € R with |r| > 1 anda bounded
alphabet4 C R containingzero. Thenusingay, € A,

sequence represents
oo
0a - Y
.ayas ... Tr = Qg T
k=1
o0
aj.a2az... | rc=ay; + Z k41 rk.
k=1

Let translatecseta + F, C R containall productsra when
a; = a € A andthesequencés finite. Then

rFo = U a+ F,. (1)
acA
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Certainpropertiesare desiredin setsF,. First, make
themdisjointto makefinite sequenceepresentationsnique.
Secondkeepsequencenemoryfinite by structuringthe se-
guencefollowing ary « into aninitial a-dependentompo-
nentof somelength N, andana-independentail sequence:
Fuo = Ty +r—NeT. Third, requireZ, = 0 sothatevery
CSDdigit of valuec is followedimmediatelyby V., (highly
desirable)zerodigits. Of courseN, = 0 is essentialglse
sequencewill get“stuck at zero” forever, soFy = 7. For
a # 0 then,

Fo=1"NeFy 2

Fourth andfinally, thereshouldbe no gapsamongnumbers
representabléo arbitrary precision,sorequire(topological)
closureZFy, just F, with limit pointsappendedto bea (non-
trivial) closedinterval. This governsdesignof suchnum-
ber systemspecausewith . the (nonzero)width of interval

Fo, disjoint union (1) and constraint(2) now imply ru =

> Ny, or

acA > et — ©)

acA

The termsof this sum give the relative proportionsof 7,
representetdy sequencebeginningwith eacha € A.

2 CSDFOR FRACTIONS

Define F = F, for brevity. In aradix-two systemthea = 0

termin (3)isr—' = % Eachnonzeroa of aternarysystem
is msd(mostsignificantdigit) to the sameproportionof F if

both suchtermsin (3) aresetto i. If thesex aresetto +1,

thenthe closureof (1) aftersubstituting(2) anddividing out
radixr = 2 really definesCSD:

F- U <%F> U G;u %) @)

Eachnumberin F is decomposethto anmsdvalueof -,

0, or + andaremainderepresentethy the otherdigits. The
unionwasdisjoint beforeclosure sothe threeclosedsubin-
tervals just touch and the only solutionis 7 = [-2,2],

shawvn in Fig. 1 with its recursve decompositioraccording
to (4), thefull meaningof whichis now apparent.



Two representationare possibleat endpointscommon
to two subintenalsof interval 7, sowe arbitrarily openit on
(eitherendbut) theright (is corventional)beforederiving a
corversionalgorithm.Now (4) with 7 = [ 2, 2) implies

i@,—i—% if ce [%%)
Ca if c € [ ii) (5)

cl—% if ce )

N NI

for somec; € F, andsotheassociate€€SDdigit stringis

10 D(es) ifce[.2)

D(c) =14 0 D(c3) if c € [ li) (6)
10 D(ey) ifce
Substitutingor the ¢; solvedfrom (5) recursvely relatesary
c € [-2, 2) toits CSDrepresentation’
10D(4(c—05)) ifce [5.3)
D(c) =< 0 D(2¢) ifce[-1.1) (7)

10D(4(c+0.5)) ifce

Recursion(7) andthe “CSD ruler” in Fig. 1 madefrom it
shav that existing more-significandigits do not changeas
new less-significandigits areproduced.Thus,transforming
to aniterative form that stopsafter somedesirednumberof
digits yieldsa simplereal-to-CSDcorversionalgorithm.
SomeimportantCSD propertiesare now apparent.Ze-
rosaboundas(7) never placesnonzeroxonsecutiely. The
CSD ruler shaows that corversionof a randomvariabledis-
tributed uniformly on F yields nonzero-digitprobability %
for themsdandtheni, 1 ..., oscillatingaboutandcorvery-
ing to % As the numberN of keptdigits grows, the distri-
bution of the normalizedtruncationerrorasymptoticallyap-
proacheghatof the Fig. 2 pdf. Truncationaddsno bias,and
the asymptoticstandarcerror deviation is %Z*N , exceeding
roundedbinary’sby 1.25dB. But therangeof representation
is higherfor CSD thantwo’s complementy twice this, so
CSDaspresentedhas1.25dB moredynamicrange(SNR)?

3 A FINAL APPLICATION NOTE

CSDshouldbe usedfor coeficientsbut notsignals,because
of overflow. A largeinputin atypical FIR-filter stopbandfor
example, resultsin large intermediatesumsinternal to the
filter, with stopbandcancellationonly effective at the filter
output. Usingtwo’s complementor signalpathsrenderghis
intermediateoverflow harmlessasFig. 3 shaovs. CSDis for
coeficientsonly andonly at designtime, whenit guidesthe
designof add/subtract/shifsystemdor signals.

10r for unambiguousstorageeffecieny (adaptingHashemiari3]), use
trailing signbitsandreplacel0, 0, and 10 herewith binary 10,0, and11.

2Corventional integerto-CSD corversion has 1.25 dB lesserror;, but
only at the costof giving up the stability of existing digits as more digits
arecorverted,apropertyusefulin common-subepressioroptimization[4].
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Figure 1: Partitioning the
CSDiinterval recursively
using the msb makesa
simple “CSD ruler.”
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Figure 2: The asymptotic (in the number of digits kept) error
pdf for CSD conversion of a uniform random variable.

Figure 3: Two's complement
arithmetic is modular and
sorendersintermediate
overflows harmless.
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