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ABSTRACT
Canonical-signed-digit(CSD)coefficientrepresentationsleadto
efficient add/subtract networks for hardwir ed DSP multiplies
of two’s complementsignals. CSD hasalwaysbeenconsidered
a fixed-point system,and available conversion algorithms oper-
ateon integers.Usingmethodsapplicable to many simplenum-
ber systems,we rederive CSD for fractional numbers, derive a
simplefloating-point recursionfor converting fractions to CSD,
and briefly examinethe associatedtruncation error.

1 INTRODUCTION

In hardwareDSPa signalcanbescaledby a coefficient us-
ing hardwiredshiftsandadds,but arithmeticoperationsare
fewer whensubtractionsarepermittedalso[1, 2]. Thestan-
dard approachusescoefficients in CSD, a radix-two num-
bersystemwith ternarycoefficientset �������
	�����
 , denotedin
CSD digit stringsin this paperby � 1,0,1
 , andhaving the
“canonical” property that 1 and 1 are always followed by
0 in CSD strings. CSD string 100.101, for example, rep-
resents3.625, the dot productof ternarycoefficient vector� ����	���	��������
	������ with powers

����� � ��� � ��� � ����� � ����� � ����� � . So
a CSD coefficient specifieswhich input-signalshifts to add
to theoutput,which to subtractfrom it, andwhich to ignore.

CSD is quite old, but we boldly createit anew, justi-
fied by the widespreadassumptionelsewherethatCSD is a
shifted-integersystem.CSDhereis inherentlyfractional.We
begin generally, in radix  "!$# with %  �%'&(� anda bounded
alphabet)+*,# containingzero.Thenusing -�./!0) ,

sequence represents

	�12- � - � 13131 465
7

.98 �
-�.: � .

- � 1;- � - � 13131  �4<5,- �>=
7

.98 �
-�.@? �  � . 1

Let translatedset A =CBED *F# containall products �4 when
- � 5,AG!H) andthesequenceis finite. Then

 BI� 5 D�J�K A
="BED 1 (1)
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Certainpropertiesare desiredin sets B D . First, make
themdisjoint to makefinite sequencerepresentationsunique.
Second,keepsequencememoryfinite by structuringthese-
quencefollowing any A into an initial A -dependentcompo-
nentof somelength L D andan A -independenttail sequence:BED 5:M DC=  ��NPO�Q . Third, require M D 5:	 so that every
CSDdigit of value A is followedimmediatelyby L D (highly
desirable)zerodigits. Of courseL � 5R	 is essential,else
sequenceswill get “stuck at zero” forever, so BI� 5 Q . For
ATS5U	 then, B D 56 ��NPO B � (2)

Fourth andfinally, thereshouldbe no gapsamongnumbers
representableto arbitraryprecision,sorequire(topological)
closureBI� , just BI� with limit pointsappended,to bea(non-
trivial) closedinterval. This governsdesignof suchnum-
bersystems,because,with V the(nonzero)width of intervalBI� , disjoint union (1) and constraint(2) now imply  �VW5
D�J�K  

��N O V , or

D�J�K  
�'XYNZO ? �\[ 5]��1 (3)

The termsof this sum give the relative proportionsof BI�
representedby sequencesbeginningwith eachAG!H) .

2 CSD FOR FRACTIONS

Define B 5 BI� for brevity. In a radix-two systemthe A65U	
termin (3) is  �'� 5 �� . EachnonzeroA of a ternarysystem
is msd(mostsignificantdigit) to thesameproportionof B if
bothsuchtermsin (3) aresetto

�^ . If theseA aresetto _�� ,
thentheclosureof (1) aftersubstituting(2) anddividing out
radix  H5 � reallydefinesCSD:

B 5 �` B � �� a �� B a �` BR= �� (4)

Eachnumberin B is decomposedinto anmsdvalueof � �� ,
	 , or

�� anda remainderrepresentedby theotherdigits. The
unionwasdisjoint beforeclosure,sothethreeclosedsubin-
tervals just touch and the only solution is B 5 � �� � �� ,
shown in Fig. 1 with its recursive decompositionaccording
to (4), thefull meaningof which is now apparent.
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Two representationsare possibleat endpointscommon
to two subintervalsof interval B , sowearbitrarilyopenit on
(eitherendbut) the right (is conventional)beforederiving a
conversionalgorithm.Now (4) with B 5 � �� � �� implies

b 5
�^ b � = �� if b ! �� � ���� b � if b ! � �� � ���^ b � � �� if b ! � �� �c� �� ,

(5)

for someb
d ! B , andsotheassociatedCSDdigit stringis

e � b �>5
f g e � b � � if b ! �� � ��g e � b � � if b ! � �� � ��
1
g e � b � � if b ! � �� ��� �� .

(6)

Substitutingfor the b
d solvedfrom (5) recursively relatesanyb ! � �� � �� to its CSDrepresentation:1

e � b �>5
f g e � ` � b �h	�1 ij��� if b ! �� � ��g e ��� b � if b ! � �� � ��
1
g e � ` � b = 	�1 ij��� if b ! � �� ��� �� .

(7)

Recursion(7) and the “CSD ruler” in Fig. 1 madefrom it
show that existing more-significantdigits do not changeas
new less-significantdigits areproduced.Thus,transforming
to an iterative form thatstopsaftersomedesirednumberof
digitsyieldsa simplereal-to-CSDconversionalgorithm.

SomeimportantCSD propertiesarenow apparent.Ze-
rosabound,as(7) never placesnonzerosconsecutively. The
CSD ruler shows that conversionof a randomvariabledis-
tributeduniformly on B yields nonzero-digitprobability

��
for themsdandthen

�� � �^ 131c1 , oscillatingaboutandconverg-
ing to

�� . As the number L of keptdigits grows, the distri-
bution of thenormalizedtruncationerrorasymptoticallyap-
proachesthatof theFig. 2 pdf. Truncationaddsno bias,and
theasymptoticstandarderrordeviation is

�� � ��N , exceeding
roundedbinary’sby 1.25dB. But therangeof representation
is higherfor CSD thantwo’s complementby twice this, so
CSDaspresentedhas1.25dB moredynamicrange(SNR).2

3 A FINAL APPLICATION NOTE

CSDshouldbeusedfor coefficientsbut not signals,because
of overflow. A largeinput in atypicalFIR-filter stopband,for
example,resultsin large intermediatesumsinternal to the
filter, with stopbandcancellationonly effective at the filter
output.Usingtwo’scomplementfor signalpathsrendersthis
intermediateoverflow harmless,asFig. 3 shows. CSDis for
coefficientsonly andonly at designtime,whenit guidesthe
designof add/subtract/shiftsystemsfor signals.

1Or for unambiguousstorageeffeciency (adaptingHashemian[3]), use
trailing signbitsandreplace10, 0, and10 herewith binary10,0, and11.

2Conventional integer-to-CSD conversion has 1.25 dB less error, but
only at the costof giving up the stability of existing digits asmoredigits
areconverted,apropertyusefulin common-subexpressionoptimization[4].
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Figure 1: Partitioning the
CSD interval recursively
using the msbmakesa
simple “CSD ruler.”

Figure3: Two’s complement
arithmetic is modular and

sorendersintermediate
overflows harmless.
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Figure 2: The asymptotic (in the number of digits kept) error
pdf for CSDconversion of a uniform random variable.
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